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Abstract. In this paper we study the moduh space of representations of a surface group 
(i.e., the fundamental group of a closed oriented surface) in the real symplectic group 
Sp(2n,M). The moduli space is partitioned by an integer invariant, called the Toledo 
invariant. This invariant is bounded by a Milnor-Wood type inequality. Our main result 
is a count of the number of connected components of the moduli space of maximal rep- 
resentations, i.e. representations with maximal Toledo invariant. Our approach uses the 
non-abelian Hodge theory correspondence proved in a companion paper [19] to identify 
the space of representations with the moduli space of polystable Sp(2ri, ]R)-Higgs bundles. 
A key step is provided by the discovery of new discrete invariants of maximal represen- 
tations. These new invariants arise from an identification, in the maximal case, of the 
moduli space of Sp{2n, ]R)-Higgs bundles with a moduli space of twisted Higgs bundles 
for the group GL(n,R). 



1. Introduction 

Valeu a pena? Tudo vale a pena 
Se a alma ndo e pequena. 

F. Pessoa 

In this paper we study representations of the fundamental group of a compact oriented 
surface X in Sp(2?T,,M) — the group of hnear transformations of M^" which preserve the 
standard symplectic form. By a representation we mean a homomorphism from vri(X) to 
Sp(2n, M). Given a representation of tti{X) in Sp(2n, M) there is an integer, often referred 
to as the Toledo invariant, associated to it. This integer can be obtained geometrically 
by considering the flat Sp(2n, M)-bundle corresponding to the representation and taking 
a reduction of the structure group of the underlying smooth vector bundle to U(n) — 
a maximal compact subgroup of Sp(2r;,,]R). The degree of the resulting U(n)-bundle is 
the Toledo invariant. As shown by Turaev [46] the Toledo invariant d of a representation 
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satisfies the inequality 

(1.1) \d\<n{g-l), 

where g is the genus of the surface. When n — 1, one has Sp(2, R) = SL(2, R), the Toledo 
invariant coincides with the Euler class of the SL(2, ]R)-bundlc, and (1.1) is the classical 
inequality of Milnor [33] which was later generalized by Wood [48]. We shall follow custom 
and refer to (1.1) the Milnor-Wood inequality. 

Given two representations, a basic question to ask is whether one can be continuously 
deformed into the other. Put in a more precise way, we are asking for the connected 
components of the space of representations 

Hom(7ri(X),Sp(2n,]R)). 

As shown in [21], this space has the same number of connected components as the moduli 
space, or character variety, 

7^(7^l(X),Sp(2n,M)) = Hom'^^^(7ri(X), Sp(2n, M))/ Sp(2n, R) 

of reductive representations p: 7ii{X) —>■ Sp(2n, R), modulo the natural equivalence given 
by the action of Sp(2n,M) by overall conjugation. 

The Toledo invariant descends to the quotient so, for any d satisfying (1.1), we can define 

7ed(7ri(X),Sp(2n,M)) C 7^(7^l(X), Sp(2n, R)) 

to be the subspace of representations with Toledo invariant d. For ease of notation, for the 
remaining part of the Introduction, we shall write TZ,j for TZd{'n'i{X), Sp(2n. M)) and TZ for 
7^(7ri(X), Sp(2n, M)). Since the Toledo invariant varies continuously with the representa- 
tion, the subspace TZd is a union of connected components, and our basic problem is that 
of counting the number of connected components of TZ^ for d satisfying (1.1). This has 
been done for n = 1 by Goldman [22, 25] and Hitchin [27], and for n = 2 in [26] (in the 
cases d = and \d\ = 2g — 2) and [21] (in the cases \d\ < 2g — 2). In this paper we count 
the number of connected components of TZd forn > 2 when d — and \d\ — n{g — 1) — the 
maximal value allowed by the Milnor-Wood inequality. Our main result is the following 
(Theorem 8.7 below). 

Theorem 1.1. Let X be a compact oriented surface of genus g. Let TZd be the moduli 
space of reductive representations of 7ri{X) in Sp(2n, R) with Toledo invariant d. Let 
n > 3. Then 

(1) TZq is non-empty and connected; 

(2) TZ±n(^g_i) has 3.2^^ non-empty connected components. 

The main tool we employ to count connected components is the theory of Higgs bundles, 
as pioneered by Hitchin [27] for SL(2,M) = Sp(2,M). Fix a complex structure on X 
endowing it with a structure of a compact Riemann surface, which we will denote, abusing 
notation, also by X. An Sp(2n, R)-Higgs bundle over X is a triple {V, /3, 7) consisting of a 
rank n holomorphic vector bundle V and holomorphic sections f3 G H^{X, S'^V ® K) and 
7 G H^{X, S'^V* (E) K), where K is the canonical line bundle of X. The sections f] and 7 
are often referred to as Higgs fields. Looking at X as an algebraic curve, algebraic moduli 
spaces for Sp(2n, R)-Higgs bundle exist as a consequence of the work of Schmitt [40, 41]. 
Fixing d E I1, we denote by A4d the moduli space of Sp(2n, R)-Higgs bundles on X with 
deg V = d. As usual, one must introduce an appropriate stability condition (with related 
conditions of poly- and semistability) in order to have good moduli spaces. Thus M.d 
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parametrizes isomorphism classes of polystable Sp(2n, ]R)-Higgs bundles. A basic result 
of non-abelian Hodge theory, growing out of the work of Corlette [13], Donaldson [15], 
Hitchin [27] and Simpson [42, 43, 44, 45], is the following (Theorem 2.11 below). 

Theorem 1.2. The moduli spaces TZd and Aid o,re homeomorphic. 

An essential part of the proof of this Theorem follows from a Hitchin-Kobayashi cor- 
respondence between polystable Sp(2n, ]R)-Higgs bundles and solutions to certain gauge 
theoretic equations, known as Hitchin's equations (see Section 2.2). In the generality 
required for stable Sp(2n, M)-Higgs bundles, the Hitchin-Kobayashi correspondence is pro- 
vided by the general theory of [6], together with the extension to the case of polystable 
(non-stable) pairs in general proved in [19]. 

Using the homeomorphism TZd — -Md, our problem is reduced to studying the connected- 
ness properties of M.d- This is done by using the Hitchin functional. This is a non-negative 
function / which is defined on A^^ using the solution to Hitchin's equations. This function 
arises as the moment map for the Hamiltonian circle action on the moduli space obtained 
by multiplying the Higgs field by an element of U(l) and is (essentially) the L^-norm of the 
Higgs field. It was proved by Hitchin [27, 28] that / is proper, and this implies that / has 
a mimimun on each connected component of Aid- Using this fact, our problem essentially 
reduces to characterizing the subvariety of minima of the Hitchin functional and studying 
its connectedness properties. 

While we characterize the minima for every value of d satisfying the Milnor-Wood 
inequality (see Theorem 5.10), we only carry out the full programme ior d — and \d\ — 
n{g — 1), the extreme values of d. For d = 0, the subvariety of minima of the Hitchin 
functional on Aio coincides with the set of Higgs bundles (y,f3,^) with = 7 = 0. This, 
in turn, can be identified with the moduli space of polystable vector bundles of rank n and 
degree 0. Since this moduli space is connected by the results of Narasimhan-Seshadri [35], 
M.0 is connected and hence TZq is connected. 

The analysis for the maximal case, \d\ — n{g — 1), is far more involved and interesting. 
It turns out that in this case one of the Higgs fields /? or 7 for a semistable Higgs bundle 
{y, (3, 7) becomes an isomorphism. Whether it is (3 or 7, actually depends on the sign 
of the Toledo invariant. Since the map (V, /3, 7) h- >■ (l^*,7*,/3*) defines an isomorphism 
M-d = M-d: there is no loss of generality in assuming that < d < n{g — 1). Suppose 
that d = n{g — 1). Then j : V ^ V* (E) K is an isomorphism (see Proposition 3.34). 
Since 7 is furthermore symmetric, it equips V with a i^-valued nondegenerate quadratic 
form. In order to have a proper quadratic bundle, we fix a square root Lq = K^/'^ of 
the canonical bunle, and define W — V* ® Lq. Then Q := 7 ® /^^-i : W* ^ is a 
symmetric isomorphism defining an orthogonal structure on W , in other words, (VF, Q) is 
an 0(n, C)-holomorphic bundle. The X^-twisted endomorphism ip : W ^ W defined 
by = (7 ® Ik(^Lh) o /9 ® is Q-symmetric and hence (W, Q, ip) defines what we call a 
i^^-twisted GL(n, M)-Higgs pair, from which we can recover the original Sp(2n, IR.)-Higgs 
bundle. The main result is the following (Theorem 4.4 below). 

Theorem 1.3. Let Aimax be the moduli space of polystable Sp{2n,M^)-Higgs bundles with 
d = n{g — l), and let Ai' be the moduli space of polystable -twisted GL(n, M.) -Higgs pairs. 
The map {V, (3, 7) 1— > {W, Q, ip) defines an isomorphism of complex algebraic varieties 
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We refer to this isomorphism as the Cayley correspondence. This uauic is motivated 
by the geometry of the bounded symmetric domain associated to the Hcrmitian symmet- 
ric space Sp(2n, M)/ U(n). The Cayley transform defines a biholomorphism between this 
domain and a tube type domain defined over the symmetric cone GL(n, M)/ 0(n) — the 
Siegel upper half-space. In fact, there is a similar correspondence to that given in Theo- 
rem 1.3 for every semisimple Lie group G which, like Sp(2n, R), is the group of isometries 
of a Hermitian symmetric space of tube type (see [4] for a survey on this subject). 

A key point is that the Cayley correspondence brings to the surface new topological 
invariants. These invariants, hidden a priori, are naturally attached to an Sp(2n, M)-Higgs 
bundle with maximal Toledo invariant and generalize those obtained in the case n = 2 in 
[26]. The invariants arc the first and second Sticfcl- Whitney classes (wi, W2) of a reduction 
to 0(n) of the 0(n, C)-bundle defined by {W,Q). It turns out that there is a connected 
component for each possible value of {wi,W2), contaning i^^-twisted GL(n, M)-Higgs pairs 
{W, Q, ijj) with -0 = 0. This accounts for 2.2^^ of the 3.2^^ connected components of 
•M-max- Thus it remains to account for the 2"^^ "extra" components. As already mentioned, 
the group Sp(2n, M) is the group of isometrics of a Hermitian symmetric space, but it 
also has the property of being a split real form. In fact, up to finite coverings, it is 
the only Lie group with this property. In [28] Hitchin shows that for every semisimple 
split real Lie group G, the moduli space of reductive representations of tti {X) in G has a 
topological component which is isomorphic to ]]jdim 0(2^-2)^ which naturally contains 
Teichmiiller space. Indeed, when G = SL(2,M), this component can be identified with 
Teichmiiller space, via the Riemann uniformization theorem. Since Sp(2n, M) is split, the 
moduli space for Sp(2n, M) must have a Hitchin component. It turns out that there are 
2^^ isomorphic Hitchin components (this is actually true for arbitrary n). As follows from 
Hitchin's construction, the X^-twisted Higgs pairs {W, Q, ■0) in the Hitchin component all 
have 7^ 0. 

As already mentioned, in the cases n = 1 (see Goldman [25] and Hitchin [27]) and n = 2 
(see [21]) the subspaces TZa are connected for < 0? < n{g — l). It appears natural to expect 
that this should be true for general n. Indeed, given the analysis of the minima of the 
Hitchin this functional carried out in this paper (cf. Theorem 5.10), this would follow if one 
could prove connectedness of the (3 = locus of Aid- Of course, this locus can be viewed 
as a moduli space of quadric bundles and as such is a natural object to study. However, 
not much is known about this question for general rank and we will leave a detailed study 
for another occasion. 

A second reason for our focus on maximal representations in the present paper is that 

from many points of view they are the most interesting ones. They have been the object 
of intense study in recent years, using methods from diverse branches of geometry, and it 
has become clear that they enjoy very special properties. In particular, at least in many 
cases, maximal representations have a close relationship to geometric structures on the 
surface. The prototype of this philosophy is Goldman's theorem [22, 24] that the maximal 
representations in SL(2, M) are exactly the Fuchsian ones. In the following, we briefly 
mention some results of this kind. 

Using bounded cohomology methods, maximal representations in general Hermitian type 
groups have been studied by Burger-Iozzi [7, 8] and Burger-Iozzi-Wienhard [10, 11, 12]. 
Among many other results, they have given a very general Milnor-Wood inequality and 
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they have shown that maximal representations are discrete, faithful and completely re- 
ducible. One consequence of this is that the restriction to reductive representations is 
unnecessary in the case of the moduli space T^max of maximal representations. Building on 
this work and the work of Labourie [32] , Burger-Iozzi-Labourie-Wienhard [9] have shown 
that maximal representations in Sp(2n, R) are Anosov (in the sense of [32]). Furthermore, 
it has been shown that the action of the mapping class group on T^max is proper, by Wien- 
hard [47] (for classical simple Lie groups of Hermitian type), and by Labourie [31] (for 
Sp(2n, M)), who also proves further geometric properties of maximal representations in 
Sp(2n,]R). 

iFrom yet a different perspective, representations in the Hitchin component have been 
studied in the work on higher Teichmiiller theory of Fock-Goncharov [17], using methods 
of tropical geometry. In particular, the fact that representations in the Hitchin component 
for Sp(2n, M) are faithful and discrete also follows from their work 

Thus, while Higgs bundle techniques are very efficient in the study of topological prop- 
erties of the moduli space (like counting components), these other approaches have been 
more powerful in the study of special properties of individual representations. It would 
be very interesting indeed to gain a better understanding of the relation between these 
distinct methods. 

We describe now briefly the content of the different sections of the paper. 

In Section 2 we review the general theory of L-twisted G-Higgs pairs, of which G-Higgs 
bundles are a particular case. We explain the general Hitchin-Kobayashi correspondence 
from [19] and the corresponding non-abelian Hodge theorem. We also review some general 
properties about moduli spaces and deformation theory of G-Higgs bundles. 

In Section 3, we specialize the non-abelian Hodge theory correspondence of Section 2.3 
to G = Sp(2n, M) — our case of interest in this paper. We recall some basic facts about 
the moduli space of Sp(2n, M)-Higgs bundles, including the Milnor-Wood inequality and 
we carry out a careful study of stable, non-simple Sp(2n, M) -Higgs bundles. To do this, we 
study and exploit the relation between the polystabihty of a Sp(2n, ]R)-Higgs bundles and 
the SL(2n, C)-Higgs bundle naturally associated to it. 

In Section 4 we study the Cayley correspondence between Sp(2n, ]R)-Higgs bundles with 
maximal Toledo invariant and i^'^-twisted GL(n, ]R)-Higgs pairs. 

The rest of the paper is mostly devoted to the study of the connectedness properties 
of the moduli space of Sp(2n, M)-Higgs bundles and, in particular, to prove Theorem 8.3. 
In Section 5 we introduce the Hitchin functional on the moduh space of Sp(2n, M)-Higgs 
bundles and characterize its minima. We then use this and the Cayley correspondence of 
Section 4 to count the number of connected components of the moduli space of Sp(2n, M)- 
Higgs bundles for d = and \d\ = n{g — 1). The proof of the characterization of the 
minima is split in two cases: the case of minima in the smooth locus of the moduli space, 
given in Section 6 and the case of the remaining minima, treated in Section 7. 

The results of this paper have been announced in several conferences over the last four 
years or so, while several preliminary versions of this paper have been circulating. The main 
results, together with analogous results for other groups of Hermitian type have appeared 
in the review paper [4]. The authors apologize for having taken so long in producing this 
final version. 
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2. L-TWISTED G-HlGGS PAIRS, G-HlGGS BUNDLES AND REPRESENTATIONS OF 

SURFACE GROUPS 

2.1. L-twisted G-Higgs pairs, G-Higgs bundles, stability and moduli spaces. Let 

G be a real reductive Lie group, let C G be a maximal compact subgroup and let 
= f) © m be a Cartan decomposition, so that the Lie algebra structure on q satisfies 

[[),[)] Cf), [[),m]cm, [m,m]c[). 

The group H acts linearly on m through the adjoint representation, and this action extends 
to a linear holomorphic action of H'^ on m'^ = m(8)C. This is the isotropy representation: 

(2.2) t: ^GL{nf). 

Furthermore, the Killing form on q induces on m'^ a Hermitian structure which is preserved 
by the action of H. 

Let X be a compact Riemann surface and let L be a holomorphic line bundle on X. Let 
E{nf) = E Xfjcm'^ he the m^-bundle associated to E via the isotropy representation. Let 
K be the canonical bundle of X. 

Definition 2.1. An L-twisted G-Higgs pair on X is a pair {E,Lp), where E is a holo- 
morphic if'^-principal bundle over X and is a holomorphic section of E^xn^) ^ L. A 
G-Higgs bundle on X is a i^T-twisted G-Higgs pair. Two L-twisted G-Higgs pairs {E, ip) 
and (£", ip') are isomorphic if there is an isomorphism E: V ^ E' such that ip = f*(p'. 

Before defining a notion of stability for L-twisted G-Higgs pairs and G-Higgs bundles, 
we recall some basic facts about parabolic subgroups of a complex reductive Lie group (for 
details see [19]). Let if be a compact Lie group and f) be is its Lie algebra. Let H'^ be the 
complexification of H. Let f)^ be the scmisimple part of [)*'-', that is, f)^ = [J)"', f)*^], c be the 
Cartan subalgebra of 1)^ and 3 be the centre of f)*^. For 7 G c*, let f)^ be the corresponding 
root space of [)^. Let R be the set of all roots and A a fundamental system of roots. 

For A Q A, define 

Ra = < 7 e -R : 7 = with m^j > for every P e A> . 

[ peA J 

One has that for each A C A 

Pa = 3 ® c © f)^ 

is a parabolic subalgebra of f)*^ and all parabolic subalgebras can be obtained in this way. 
Denote by Pa the corresponding parabolic subgroup. 

Similarly, we define for A C A 

i?^ = < 7 e : 7 = rripP with mp — for every P e A> . 
[ PeA J 
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The vector space U = 3 ® c ® 0^gi?()^ f)^ is a Levi subalgebra of pA, that is, a maximal 
reductive subalgebra of pA- Let La be the only connected subgroup of Pa with Lie algebra 
Ia- Then, La is a Levi subgroup of Pa (i.e. a maximal reductive subgroup of Pa)- 

Recall that a character of a complex Lie algebra g is a complex linear map g — > C which 
factors through the quotient map Q The characters of pA come from elements of 

the dual of the centre of the Levi subgroup Ia C Pa- To see this, let Z be the centre of H'^, 
and let F = Ker(exp : 3 ^ Z). Then = F 0^ M C 3 is the Lie algebra of the maximal 
compact subgroup of Z. Let = HomiR(3K, iM) and let A = {A G 3}^ | A(F) C 2-niL}. 
Let {A^j^eA C c* be the set of fundamental weights of f)^, i.e., the duals with respect to 
the KiUing form of the coroots {25/(5, 5) j^gA. We extend any A e A to a morphism of 
complex Lie algebras 

A : 3 © c ^ C 

by setting A|c = 0, and similarly for any 5 e A we extend A^ : c — > C to 

A5 : 3 ® Ca ^ C 

by setting A5I3 = 0. 

Define Ia = fl/jeAV^ A^ if A 7^ A and let 3^ = c if A = A. We then have that 3^ is 
equal to the centre of U, and (p^/fpA, Pa])* — 1*a- Let Ca — Ia^ U, so that 3a = 3 © tA- 
We thus have that the characters of p^ are in bijection with the elements in 3* ® c^. 

An antidominant character of p^ is any element of 3* © c\ of the form x = ^ + 
^SeA ^5^5) where -2 G 3}^ and each ns is a nonpositive real number. If for each 5 G A we 
have n^- < then wc say that x is strictly antidominant. 

The restriction of the invariant form (•, •) to 3 © Ca is non-degenerate, so it induces an 
isomorphism 3*©c^ ~ 3©ca. For any antidominant character x we define s^G3©CaC3©c 
to be the element corresponding to x via the previous isomorphism. One checks that 
belongs to if). 

For s G define the sets 

ps = {x G f)*^ : Ad(e**)x is bounded as i ^ 00} 

Ps = {g' G H'^ •- e*^ge~*^ is bounded as i ^ 00} 

l3 = {xG^^ : [x,s]=0} 

Ls = {geH'' : M{g){s) = s}- 

One has the following (see [19]). 

Proposition 2.2. For s G if), ps is a parabolic subalgebra ofi)'^, Pg is a parabolic subgroup 
of Lf^ and the Lie algebra of Pg is pg, Ig is a Levi subalgebra of pg and Lg is a Levi 
subgroup of Pg with Lie algebra lg. If x is an antidominant character ofpA, then pA ^ p^^ 
and La Q Lg^ and, if x is strictly antidominant, pA — ps and Ia — ig^- 

Recall that G is a real reductive Lie group, i7 C G is a maximal compact subgroup, 
Q — f)©m is a Cartan decomposition, and i : H'^ — > GL(m'^) is the isotropy representation. 
We define 

m~ — {vEvcf' •- i{e*'^^)v is bounded as i ^ 00} 
m° = {-y G m'^ : i{e*''^)v = v for every t]. 
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One has that m~ is invariant under the action of Pg^ and m° is invariant under the action 
of Lg^ (this follows from Proposition 2.2). If G is complex, m"-^ = and l is the adjoint 

representation, then m~ = pg^ and m° = Ig^. 

Let be a principal //''^-bundle and A C A. Let a denote a reduction of the structure 
group of £^ to a standard parabolic subgroup Pa and let x be an antidominant character 
of pA- Let us write x = -2 + ^^g^^sA^, with z e 3r, and z — ziXi + • • • + ZrXr, where 
Xi, . . . ,Xr e A and the Zj are real numbers. There exists a positive integer n such that 
for any A G A and S & A there are characters k„a, K-nS '■ Pa (sec Lemma 2.4 in 

[19]). We can then construct from the principal Pa bundle E^j line bundles E^j y<K„x ^ 
Ea >^K„s C, and define the degree of the bundle E with respect to the reduction a and the 
antidominant character x to be the real number: 

(2.3) deg(£;)(<7, X) M E ^^n^, C) + J] deg(K x«„, C) ) . 

This expression is independent of the choice of the A/s and the integer n. If x lifts to a 
character of P4, dcg(£')((T, x) is the degree of the line bundle associated to E^j via the lift. 

Definition 2.3. Let {E,ip) be an L-twisted G-Higgs pair and let o; e i3K C 3. We say 

that {E, ip) is: 

• a-semistable if: for any parabolic subgroup Pa C H^^ any antidominant char- 
acter X of Pa, and any holomorphic section a e V{E{H''" / Pa)) such that </? e 
if°(K(tn~) L), we have 

deg(E)(a,x)-(a,x) >0. 

• a-stable if it is a-semistable and furthermore: for any Pa, x and a as above, such 
that </? e if°(£'(^(m~) (8) L), and such that ^4 and X ^ 3m, we have 

deg(E)(a,x)-(«,x)>0. 

• a-polystable if it is a-semistable and for any P^, x and a as above, such that 
(/? e i7°(£^o.(m~) (8) L), Pa 7^ i?*^ and x is strictly antidominant, and such that 

deg(E)(a,x)-(«,x)=0, 

there is a holomorphic reduction of the structure group ai G V{Ecr{PA/ La))-, where 
E^ denotes the principal P^-bundle obtained from the reduction a of the structure 
group. Furthermore, under these hypothesis (/? is required to belong to if°(£'o-(tn° )(8) 
L)(iH\E,{m-)®L). 

Remark 2.4. In [19] it is shown that, similarly to the case of vector bundles, if (i?, if) is an 
a-polystable L-twisted G-Higgs pair, then it admits a Jordan-Holder reduction to an a- 
stable L-twisted G'-Higgs pair for a reductive subgroup G' C G. This leads to a structure 
theorem for a-polystable pairs which shall be useful for us below in particular cases: see 
Proposition 3.11 below for the statement in the case G — Sp(2n, R). 

A workable notion of a-(poly,semi)stability, can be obtained by giving a description of 
the objects involved in Definition 2.3 in terms of filtrations of a certain vector bundle 
associated to E. In particular, when H'^ is a classical group — which is the situation for 
the particular groups considered in this paper — , this vector bundle is the one associated 
to E via the standard representation p : H'^ GL(n, C). For details, see [19]. 



HIGGS BUNDLES AND SURFACE GROUP REPRESENTATIONS 



9 



When studying G-Higgs bundles we shall mainly be interested in the case when a — 0, 
since this is the relevant value for the applications to non-abelian Hodge theory. Thus we 
will talk about stability of a G-Higgs bundle, meaning 0-stability, and analagously for 
semistability and polystability. 

Henceforth, we shall assume that G is connected. Then the topological classification of 
if^^-bundles £^ on X is given by a characteristic class c{E) e 7ri(i?'^) = t^i{H) — 7ri(G). 
For a fixed d G 7ri(G), the moduli space of polystable G-Higgs bundles M.j^[G) is 
the set of isomorphism classes of polystable G-Higgs bundles {E, (f) such that c{E) = d. 
When G is compact, the moduli space M.ii{G) coincides with M^iG^), the moduli space 
of polystable G'^-bundles with topological invariant d. 

The moduli space M.d{G) has the structure of a complex analytic variety. This can be 
seen by the standard slice method (see, e.g., Kobayashi [30]). Geometric Invariant Theory 
constructions are available in the literature for G real compact algebraic (Ramanathan 
[38]) and for G complex reductive algebraic (Simpson [44, 45]). The case of a real form of 
a complex reductive algebraic Lie group follows from the general constructions of Schmitt 
[40, 41]. We thus have the following. 

Theorem 2.5. The moduli space M.d{G) is a complex analytic variety, which is algebraic 
when G is algebraic. 

Remark 2.6. More generally, moduli spaces of L-twisted G-Higgs pairs can be constructed 
(see Schmitt [41]). We shall need this in Section 4 below. 

2.2. G-Higgs bundles and Hitchin's equations. Let G be a connected semisimple 
real Lie group. Let {E, ip) be a G-Higgs bundle over a compact Riemann surface X. By a 
slight abuse of notation, we shall denote the G°°-objects underlying E and ip by the same 
symbols. In particular, the Higgs field can be viewed as a (l,0)-form: (p e fl^'^{E{xxf')). 
Let r: n^(i?(g'^)) Q^{E{q^)) be the compact conjugation of combined with complex 
conjugation on complex 1-forms. Given a reduction h of structure group to H in the 
smooth i/^-bundle E, we denote by Fh the curvature of the unique connection compatible 
with h and the holomorphic structure on E. 

Theorem 2.7. There exists a reduction h of the structure group of E from to H 
satisfying the Hitchin equation 

if and only if {E, ip) is polystable. 

Theorem 2.7 was proved by Hitchin [27] for G = SL(2,C) and Simpson [42, 43] for an 
arbitrary semisimple complex Lie group G. The proof for an arbitrary reductive real Lie 
group G when (£■, ip) is stable is given in [6], and the general polystable case follows as a 
particular case of the more general Hitchin-Kobayashi correspondence given in [19]. 

Prom the point of view of moduli spaces it is convenient to fix a G°° principal H- 
bundlc E/^ with fixed topological class d G vri(if) and study the moduli space of so- 
lutions to Hitchin's equations for a pair [A, ip) consisting of an i7-connection A and 



(2.4) 



FA-[ip,T{ip)]^0 

dA(p = 0. 
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Here (Ia is the covariant derivative associated to A and Ba is the (0, 1) part of d^, which 
defines a holomorphic structure on E//. The gauge group 7i of Eh acts on the space of 
solutions and the moduh space of solutions is 

Mr'^%G):^{{A,^) satisfying {2A)}/n. 

Now, Theorem 2.7 has as a consequence the following global statement. 

Theorem 2.8. There is a homeomorphism Md{G) ~ A1|^"®^(G'). 

Another important consequence, proved in [19], is the following. 

Theorem 2.9. Let {E, ip) he an a-polystable G-Higgs pair. Then its automorphism group 
Aut{E,(p) is a reductive Lie group. 

2.3. Surface group representations and non-abehan Hodge theorem. Let X be a 

closed oriented surface of genus g and let 

9 

ni{X) = (ai, 6i, . . . , ag, bg \ JJfa,, hi] = 1) 

1=1 

be its fundamental group. Let G be a connected reductive real Lie group and let if C G 
be a maximal compact subgroup By a representation of 7ri(X) in G we understand a 
homomorphism p: 7ri(X) — > G. The set of all such homomorphisms, Hom(7ri(X), G), can 
be naturally identified with the subset of consisting of 2gr-tuples (^i, -Bi . . . , Ag, Bg) 
satisfying the algebraic equation IlLif^i'-^i] — ^- This shows that Hom(7ri(X), G) is a 
real analytic variety, which is algebraic if G is algebraic. 

The group G acts on Hom(7ri(X), G) by conjugation: 

{g- p){i) = 9p{i)9^^ 

for g E G, p E Hom(7ri(X), G) and 7 £ Tri{X). If we restrict the action to the subspace 
Hom'''''^(7ri(X), G) consisting of reductive representations, the orbit space is Hausdorff (see 
Theorem 11.4 in [39]). By a reductive representation we mean one that composed 
with the adjoint representation in the Lie algebra of G decomposes as a sum of irreducible 
representations. If G is algebraic this is equivalent to the Zariski closure of the image 
of 7ri{X) in G being a reductive group. (When G is compact every representation is 
reductive.) Define the moduli space of representations of 7ii{X) in G to be the orbit space 

7^(G) = Hom+(7ri(X), G)/G. 

One has the following (see e.g. Goldman [23]). 

Theorem 2.10. The moduli space 'R-{G) has the structure of a real analytic variety, which 
is algebraic if G is algebraic and is a complex variety if G is complex. 

Given a representation p: 7Ti{X) — >• G, there is an associated flat G-bundle on X, defined 
as Ep — X XpG, where X ^ X is the universal cover and 7ri(X) acts on G via p. We can 
then assign a topological invariant to a representation p given by the characteristic class 
c(p) := c{Ep) E vri(G) ~ t^i{H) corresponding to Ep. For a fixed d e 7ri(G), the moduli 
space of reductive representations Tld{G) with topological invariant d is defined as 
the subvariety 



(2.5) 



7^,(G) := {[p] e 7^(G) I c(p) = d}, 
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where as usual [p] denotes the G-orbit G ■ p oi p E Hom''^'^(7ri(X), G). 

Theorem 2.8 provides one half of the non-abelian Hodge Theorem. To explain the other 

half, recall that TZd{G) can be identified with the moduli space of flat reductive connections 
on a fixed G-bundle of topological class d G 7ri(G) (see, e.g., Simpson [44, 45]). Now any 
solution [A, if ) to Hitchin's equations defines a fiat reductive G-connection 

(2.6) D = dA + ^-T{ip). 

It is a fundamental theorem of Corlette [13] and Donaldson [15] (for G = SL(2,C)) that 
this process can be inverted: given a flat reductive connection D in a G-bundle Eq, there 
exists a harmonic metric, i.e. a reduction of structure group to if C G corresponding to 
a harmonic section of Eg/H X. This reduction produces a solution {A, (f) to Hitchin's 
equations such that (2.6) holds. Thus the moduli space of flat reductive connections is 
homeomorphic to the moduli space of solutions to Hitchin's equations. Altogether, this 
leads to the following non-abelian Hodge Theorem (see [19] for a fuller explanation). 

Theorem 2.11. Let G be a connected semisimple real Lie group with maximal compact 
subgroup H C G. Let d G 7ri(G) ~ ni{H). Then there is a homeomorphism Tld{G) ~ 
Ma{G). 

Remark 2.12. On the open subvarieties deflned by the smooth points of IZ^, and M.^) this 
correspondence is in fact an isomorphism of real analytic varieties. 

Remark 2.13. There is a similar correspondence when G is reductive but not semisimple. 
In this case, it makes sense to consider nonzero values of the stability parameter a. The 
resulting Higgs bundles can be geometrically interpreted in terms of representations of the 
universal central extension of the fundamental group of X, and the value of a prescribes 
the image of a generator of the centre in the representation. 

2.4. Deformation theory of G-Higgs bundles. In this section we recall some standard 
facts about the deformation theory of G-Higgs bundles, following Biswas-Ramanan [1]. 
The results summarized here are explained in more detail in [19]. 

Definition 2.14. Let {E. be a G-Higgs bundle. The deformation complex of {E,if) is 
the following complex of sheaves: 

(2.7) G'{E, if) : £;(f)C) ^ E{xtf) (g) K. 

This deflnition makes sense because is a section of Eim^) (E) K and [m'^, f)*^] C ra*^. 

The following result generalizes the fact that the inflnitesimal deformation space of a 
holomorphic vector bundle V is isomorphic to i?^(Endy). 

Proposition 2.15. The space of infinitesimal deformations of a G-Higgs bundle {E,ip) is 
naturally isomorphic to the hypercohomology group M^{C*{E,(p)). 

For any G-Higgs bundle there is a natural long exact sequence 

^ H°(G*(£;, <p)) ^ H'^iEif)^)) ^ H'^iEinf) ® K) 

(2.8) 

^ U\C*{E, v9)) ^ i/'(^(f)^)) H\E{xrf) ^K)^ U\C'{E, ^)) 0. 

This justifies the following definition. 
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Definition 2.16. The infinitesimal automorphism space of {E,ip) is 

Note that this agrees with the general notion of the infinitesimal automorphism space 
of a pair introduced in [19]. 

Let dt: f)^ — > End(m'^) be the derivative at the identity of the complexified isotropy 

representation l = Ad\Hc: — >■ Aut(m'^) (cf. (2.2)). Let kerrft C J)*^ be its kernel 
and let E{keidi) C E{\f') be the corresponding subbundle. Then there is an inclusion 
H%E(keTdL)) ^ M^C'Ie,^)). 

Definition 2.17. A G-Higgs bundle {E,Lp) is said to be infinitesimally simple if the 

infinitesimal automorphism space aut{E,ip) is isomorphic to if°(i?(ker rfi fl 3)). 

Remark 2.18. If ker di = 0, then [E, (p) is infinitesimally simple if and only if the vanishing 
EI°(C*(£', 93)) = holds. A particular case of this situation is when the group G is a 
complex semisimple group: indeed, in this case the isotropy representation is just the 
adjoint representation. 

Similarly, we have an inclusion ker t fl Z{H'^) ^ Aut(£', 0). 

Definition 2.19. A G-Higgs bundle {E,(p) is said to be simple if Aut(£', </?) = keri fl 
Z{H^), where Z{H^) is the centre of H^. 

Unlike the case of ordinary vector bundles, a stable G-Higgs bundle is not necessarily 
simple. However, we have the following infinitesimal result. 

Proposition 2.20. Any stable G-Higgs bundle {E, (p) with (f ^ is infinitesimally simple. 

With respect to the question of the vanishing of of the deformation complex, we have 
the following useful result. 

Proposition 2.21. Let G be a real semisimple group and let G*^ be its complexification. 
Let {E, (f) be a G-Higgs bundle which is stable viewed as a G'^-Higgs bundle. Then the 
vanishing 

M'{C-a{E,ip))=0 = M\C-a{E,ip)) 

holds. 

The following result on smoothness of the moduli space can be proved, for example, 
from the standard slice method construction referred to above. 

Proposition 2.22. Let {E, ip) be a stable G-Higgs bundle. If {E, ip) is simple and 

lfiC-aiE,cp)) = 0, 

then {E, ip) is a smooth point in the moduli space. In particular, if {E, ip) is a simple G- 
Higgs bundle which is stable as a G^-Higgs bundle, then it is a smooth point in the moduli 
space. 

Suppose that G is semisimple and {E, ip) is stable and simple. Then a local universal 
family exists (see [41]) and hence the dimension of the component of the moduli space con- 
taining {E,ip) equals the dimension of the infinitesimal deformation space [Gq{E , (p)) . 
We shall refer to this dimension as the expected dimension of the moduli space. 

Moreover, since in this situation If' {Cq{E , ip)) = M."^ {Cq{E , ip)) — 0, the expected di- 
mension can be calculated from Riemann-Roch as follows. 
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Proposition 2.23. Let G be semisimple. Then the expected dimension of the moduli space 
of G-Higgs bundles is {g — 1) dimG'^. 

It follows from the results of the present paper that each connected component of 
Al2g-2(Sp(2n, ]R)) contains stable and simple Sp(2n, M)-Higgs bundles and thus each of 
these components has dimension {g — 1) dimSp(2n, C) — {g — l)(2n^ + n) (cf. Proposi- 
tion 3.35). 

Remark 2.24. In general, though, the actual dimension of the moduli space (if non-empty) 
can be smaller than the expected dimension. This happens for example when G = SU(p, q) 
with p q and maximal Toledo invariant (this follows from the study of U(p, g)-Higgs 
bundles in [2]) — in this case there are in fact no stable SU(p, g)-Higgs bundles. 

Remark 2.25. For a proper understanding of many aspects of the geometry of the moduli 
space of Higgs bundles, one needs to consider the moduli space as the gauge theory moduli 

space Ai^^^^^{G). This applies in particular to the Morse theoretic approach to the count 
of connected components, as explained in Section 5.1. Thus one should consider the 
infinitesimal deformation space of a solution [A, (p) to Hitchin's equations, which can be 
described as the first cohomology group of a certain elliptic deformation complex (cf. 
Hitchin [27]). On the other hand, the formulation of the deformation theory in terms 
of hypercohomology is very convenient. Fortunately, at a smooth point of the moduli 
space, there is a natural isomorphism between the gauge theory deformation space and 
the infinitesimal deformation space ^.^{^{E, (p)) (where the holomorphic structure on 
the Higgs bundle {E,(fi) is given by Ba)- As in Donaldson-Kronheimer [16, § 6.4] this 
can be seen by using a Dolbeault resolution to calculate M^{C*{E, (/?)) and using harmonic 
representatives of cohomology classes, via Hodge theory. For this reason we can freely apply 
the complex deformation theory described in this Section to the gauge theory situation. 

3. Sp(2n,]R)-HiGGS bundles 

3.1. Stability and simplicity of Sp(2n, M)-Higgs bundles. Let G = Sp(2n,M). The 
maximal compact subgroup oi G is H — U(n) and hence H'^ — GL(n, C). Now, if V = 
is the fundamental representation of GL{n, C), then the isotropy representation space is: 

nf = S^Y®S^Y*. 

Let X be a compact Riemann surface. According to Definition 2.1, an Sp(2n, M)-Higgs 
bundle over X is a triple (V, /3, 7) consisting of a rank n holomorphic vector bundle V and 
holomorphic sections p G H^{X,S^V (g) K) and 7 e H^{X,S^V* ® K), where K is the 
canonical line bundle of X. 

Remark 3.1. When H'^ is a classical group, like for G — Sp(2n, M), we prefer to work with 
the vector bundle V associated to the standard representation rather than the iif'^-principal 
bundle. It is indeed in terms of V that we will describe the stability condition as we will 
see below. 

Notation 3.2. Before giving a precise statement we introduce some notation. If ly is a 
vector bundle and W, W" C W are subbundles, then W (8)5 W" denotes the subbundle 

of the second symmetric power S'^W which is the image of W ® W" G W under the 
symmetrization map W ^ S'^W (of course this should be defined in sheaf theoretical 
terms to be sure that W (8)5 W" is indeed a subbundle, since the intersection of W (8) W" 
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and the kernel of the symmctrization map might change dimension from one fibre to the 
other). Also, we denote by W'-^ C W* the kernel of the restriction map W* — > W*. 

Next we shall state the (semi) stability condition for an Sp(2n, ]R)-Higgs bundle (sec [19] 
for details). In order to do this, we need to introduce some notation. For any filtration by 
holomorphic subbundles 

V = (0 c c c • • • c 14 = y) 

and for any sequence of real numbers A = (Ai < A2 < • • • < Xk) define the subbundle 

(3.9) iV(V,A)= K(^Vi<»sVj® Yl K^Viti<^sVj^_,C K®{S^V®S^V*). 

Xi+Xj<0 Xi+\j>0 

This is the same as the bundle Ea-{m~)<SiK considered in Section 2.1 — we use the notation 
A^(V, A) for convenience. 

Define also 

k-l 

(3.10) d{V,X) = XkidegVk) + ^(A,- - A,+i)(deg l^,), 

where rij — rkVj. This expression is equal to deg{E){a,x) — (ct, x) of Section 2.1 with 
q; = 0. 

According to Definition 2.3 (see [19] and [6]) the (semi) stability condition for an Sp(2n, R)- 
Higgs bundle can now be stated as follows. 

Proposition 3.3. The Higgs bundle (V, </?) is semistable if for any filtration V = (0 C 
^1 ^ ^2 C ■ ■ ■ C Vfc = V) and for any sequence of real numbers X — (Ai < A2 < • • • < A^) 
such that ip e H^{N{V, X)), the inequality 

(3.11) d{V,X)>0 
holds. 

The Higgs bundle (V^, v^) is stable if it is semistable and furthermore, for any choice ofV 
and X for which there is a j < k such that Xj < Xj+i, whenever ip e H^{N{y, X)), we have 

(3.12) d{V,X)>0. 

The (semi)stability of a Sp(2n, ]R)-Higgs bundle can be simphfied as follows (see [19]). 

Proposition 3.4. An Sp{2n,'R)-Higgs bundle {V,(f)) is stable if, for any filtration of sub- 
bundles 

c 14 c c y 

such that 

(3.13) PeH\K^{S^V2 + Vi^sV)), jeH^'iK^iS^V^^ + V^^^sV*)), 

the following holds: if at least one of the subbundles Vi and V2 is proper, then the inequality 

(3.14) deg(y) - deg(yi) - deg(y2) > 
holds and, in any other case, 

(3.15) degiV) - deg(K) - deg{V2) > 0. 

The condition for {V, ip) to be semistable is obtained by omitting the strict inequality (3.14)- 
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Remark 3.5. Note that when ip = 0, the (semi)stabihty of {V,(p) is equivalent to the 
(semi)stabihty of V with deg V — 0. 

The following observation will be useful many times below. 

Remark 3.6. If C Vi C V2 C V is a filtration of vector bundles then for any (3 e H^{K ® 
S^V) and ^eH^{K® S'^V*) the condition (5 e H^{K ® {S'^V^ + ®s V)) is equivalent 
to (5Vi- ^K®Vi and (5V^ ^ K ®V2, and similarly 7 e H'^iK ® {S'^V^ + ®s V*)) is 
equivalent to 7V1 <Z K ® V.^ and 7V2 <Z K ® V-^^ where V,j^ is the kernel of the projection 
V* —>■ V* and we view (3 and 7 as symmetric maps (3 : V* ^ K ® V and 7 : ^ ^ iiT (g) l^*. 
Thus, if we use a local basis of V adapted to the filtration C Vi C C F and the dual 
basis of V*, then the matrix of 7 is of the form 




while the matrix of f3 has the form 




The deformation complex (2.7) for an Sp(2n, M)-Higgs bundle (V, </? = /3 + 7) is 

^3 C'{V, ip) : End{V) S^V K (B S^V* ® K 

Proposition 3.7. An Sp{2n,M.)-Higgs bundle {V,ip) is infinitesimally simple if and only 
ifIf{C*(y,ip)) = 0. Equivalently, (V^ip) is infinitesimally simple if and only if there is a 
non-zero ip G if°(End(V)) such that 

ad((^)(V^) = (-/?^*-^/?,7V^ + V^*7) = (0,0). 

Proof. For Sp(2n, M)-Higgs bundles one has that ker(di) = 0. Thus the first statement 
is immediate from Definition 2.17. The equivalent statement now follows from the long 
exact sequence (2.8), recalling that in this case the deformation complex (2.7) is given by 
(3.16). □ 

Proposition 3.8. An S]){2n,M.)-Higgs bundle {V,ip) is simple if and only if Aut{V,ip) — 
{±Id}. 

Proof. Since A G C* = Z{H'^) acts on the isotropy representation m*^ = S'^N © S^V* by 
(/?, 7) (A^/9, A~^7) we have ker tnZ(i7'^) = {±1}, so the statement follows directly from 
Definition 2.19. □ 

Remark 3.9. Contrary to the case of vector bundles, stability of a Sp(2n, M)-Higgs bundle 
does not imply that it is simple. To give an example of this phenomenon, take two different 
square roots. Mi and M2, oiK. Define V = Mi©M2, then S'^V*®K = 0®M^^M^^K®0. 
Let 7 = (1,0, 1), /9 = and set p = (/3,7). Then (y,(p) is not simple. However, one can 
easily check that it is stable. The phenomenon described by this example will be described 
in a systematic way in Theorem 3.17 below. 
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3.2. Polystable Sp(2n, M)-Higgs bundles. Given a filtration V of F by holomorphic 
strict subbundles and an increasing sequence A of real numbers as in Section 3.1, we define 
N(y,\) and rf(V, A) by (3.9) and (3.10). 

According to [19] the polystability condition for an Sp(2n, M)-Higgs bundle can now be 
stated as follows. 

Proposition 3.10. An Sp{2n,R)-mggs bundle (V, 99) with if = (/5,7) G H^{K ® S^V © 
K ^ S'^V*) is polystable if it is semistable and for any filtration by holomorphic strict 
subbundles 

v = (ocyicy2C---ci4 = y), 

and sequence of strictly increasing real numbers A = (Ai < • • • < X^) such that ip e 
H^{N{y, A)) and d(V, A) = there is a splitting of vector bundles 

y ~ 1/1 © © • • • © Vk/Vk-i 

with respect to which 

\i+\j=Q 

and 

It is shown in [19] that any polystable G-Higgs bundle admits a Jordan-Holder reduction 
(cf. Remark 2.4). In order to state this result in the case of G = Sp(2n, R), we need to 
describe some special Sp(2n, M)-Higgs bundles arising from G-Higgs bundles associated to 
certain real subgroups G C Sp(2n, M). 

The subgroup G = U(n). Observe that a U(n)-Higgs bundle is nothing but a holomorphic 
vector bundle V of rank n. The standard inclusion L)U(n) . u(n) ^ Sp(2n, R) gives the 
correspondence 

(3.17) y ^ t;y("V = (y, 0) 

associating the Sp(2n, M)-Higgs bundle vY^'^^V — {V,Q) to the holomorphic vector bundle 
V. 

The subgroup G = U{p,q)- In the following we assume that p,q > 1. As is easily seen, 
a U(p, g)-Higgs bundle (cf. [2]) is given by the data {V, W, (p = /? + 7), where V and W 
are holomorphic vector bundles of rank p and q, respectively, /5 G H^[K ® Hom(VI/, V)) 
and 7 e H^{K ® Hom(V',iy)). Let n — p + q. The imaginary part of the standard 
indefinite Hermitian metric of signature (p, q) on is a symplectic form, and thus there 
is an inclusion y^iP'i); U(p, g) ^ Sp(2n, M). At the level of G-Higgs bundles, this gives 
rise to the correspondence 

(3.18) ^v,W,p>^P + ^)^ v^^'''\V, W,p>)^{V,ip^P + j), 
where 

V^VeW'. and 



HIGGS BUNDLES AND SURFACE GROUP REPRESENTATIONS 17 

In the following we shall occasionally slightly abuse language, saying simply that v]!^^^V 
is a U(n)-Higgs bundle and that v^^'''\v, W, (p) is a U(p, g)-Higgs bundle. 

Another piece of convenient notation is the following. Let {Vi.ipi) be Sp(2ni. R)-Higgs 
bundles and let n = ^ rij. We can define an Sp(2n, M)-Higgs bundle (V, ip) by setting 

by using the canonical inclusions H^{K (S^Vi S^V*)) C H^(K ® (S^V ® S'^V*)). We 
shall slightly abuse language and write (V, </?) = 0(V^, referring to this as the direct 

sum of the {Vi,(p,i). 

With all this understood, we can state our structure theorem on polystable Sp(2n, M)- 
Higgs bundles from [19] as follows. 

Proposition 3.11. Let {V,ip) be a polystable S]){2n,M)-Higgs bundle. Then there is a 
decomposition 

iV,ip)^{Vi,ipi)®---®{Vk,ipk), 
unique up to reordering, such that each {Vi,ipi) is a stable Gi-Higgs bundle, where Gi is 
one of the following groups: Sp{2ni,M.), \]{ni) or \J{pi,qi). 

3.3. Stable and non-simple Sp(2n, ]R)-Higgs bundles. The goal of this section is to 
obtain a complete understanding of how a stable Sp(2n, ]R)-Higgs bundle can fail to be 
simple. The main result is Theorem 3.17. 

Remark 3.12. Note that v]J^"'^V = (V, 0) introduced in Section 3.3 is never simple as 
an Sp(2n, M)-Higgs bundle, since its automorphism group contains the non-zero scalars 
C*. Similarly, the Sp(2n, M)-Higgs bundle v]!^''^\v,W,(p) is not simple, since it has the 
automorphism (0^*1). 

We shall need a few lemmas for the proof of Theorem 3.17. 

Lemma 3.13. Let {V,(f) be an Sp{2n,M.)-Higgs bundle and assume that there is a non- 
trivial splitting {V,ip) = (K © Vb,ipa + 'Ph) such that Lp^ G H^{K ® {S'^Vy ® S'^V*)) for 
v — a,b. Assume that the Sp{2na,M.)-Higgs bundle {Va,ipa) is not stable. Then {V,ip) is 
not stable. 

Proof. Since (K, ipa) is not stable there is a filtration C Vai C Va2 C K such that 
/? e H\K ® {S'Va2 + Val ®s V)), 7 6 H'^iK ® (5V„i + ®5 V*)) 

and 

(3.19) deg(K) - deg(Ki) - deg(Ki) < 0. 

Consider the filtration G Vi G V2 G V obtained by setting 

Vl = Val, V2 = Va2(BVt. 

Using Remark 3.6 one readily sees that this filtration satisfies the conditions (3.13). Since 

deg{V) - deg{Vi) - deg{V2) = deg(K) - deg(Ki) - deg(Ki), 
it follows from (3.19) that (V, <^) is not stable. □ 

Lemma 3.14. Let {V.p) be an Sp{2n,'R)-Higgs bundle and assume that there is a non- 
trivial splitting V = Va ® Vb such that (p E H°{K (g) {S^Va © S"^]/*)). In other words, 
[V, (f) = {Va © Vb, (fa + 0) with {Vb, 0) = v^^^'^'^Vb. Then {V, (p) is not stable. 
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Proof. It is immediate from Lemma 3.13 and Remark 3.5 that V?, is a stable vector bundle 
with deg(V6) = 0. Hence 

degiV) = deg(K). 

Consider the filtration C Vi C V2 C V obtained by setting Vi = and V2 = V^. As 
before this filtration satisfies (3.13). Therefore the calculation 

dcg{V) dcg{V,) - deg{V2) = dcg{V) - deg(K) = 

shows that {V, ip) is not stable. □ 

Lemma 3.15. Let {V,ip) = v^^^''^\Va,VC , (f) be an Sp{2n,R)-Hzggs bundle arising from a 
U(p, q)-Higgs bundle (Va, Vj,*, (p) with p,q > 1. Then (V, ip) is not stable. 

Proof The Sp(2n, M)-Higgs bundle {V, 0) is given by 

V = V.en, /3=(| g and ^ (° . 

Let Vi = V2 = Va and consider the filtration C 14 C V2 C Again this filtration satisfies 
the conditions (3.13). Thus, if (V, v^) is stable, we have from (3.14) 

deg(F)-2deg(K)<0. 

Similarly, considering Vi — V2 — Vb, we obtain 

deg(y)-2deg(H) <0, 

so we conclude that 

deg(V^) = deg(K) + deg(H) < deg(l^), 

which is absurd. 

□ 

Lemma 3.16. Let (y,ip) be an Sp{2n,'M.)-Higgs bundle. Then the Sp{An,M.)-Higgs bundle 
{V (BV,(f + (f) is not stable. 

Proof Consider the automorphism / = -^(Ij) oiV^V^V. Write P = ( f ^) and 
7 = ( ? ) ■ Then we have that 

{V,ip)c^{V(BV,f-P + f-j), 

where 

f-p-fpf-[l and / • 7 = (/r ^ = (~ t)- 

We shall see that (t^ ® t^, / • /5 + / • 7) is not stable. To this end, consider the filtration 
OcyiCy2Cy®y obtained by setting Vi^V2^ V. This satisfies (3.13). But, on the 
other hand, 

deg(y ®V)- deg(Vi) - deg(y2) = 
so (\/ ® /•/? + /• 7) is not stable. □ 

Theorem 3.17. Let {V,(p) be a stable Sp{2n,M.)-Higgs bundle. If {V,if) is not simple, 

then one of the following alternatives occurs: 

(1) The vanishing ip = holds and V is a stable vector bundle of degree zero. In this 
case, Aut{V,(p) ~ C*. 
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(2) There is a nontrivial decomposition, unique up to reordering, 

k k 



i=l i=l 



with 4>i = (3i + ■ji E H^{K ® {S'^Vi ® S'^V*)), such that each (V^, (pi) is a stable and 
simple Sp{2ni,M.)-Higgs bundle. Furthermore, each 7^ and {Vi,ipi) 9^ 
for i ^ j- The automorphism group of (V, </?) is 



Recall that an example of the second situation was described in Remark 3.9. 

Proof. First of all, we note that if (/? = then it is immediate from Remark 3.5 that 
alternative (1) occurs. 

Next, consider the case (/? 7^ 0. Since {V, ip) is not simple, there is an automorphism 
cr e Aut(V,(^) \ {±1}. We know from Theorem 2.9 that Aut(V,<^) is reductive. This 
implies that cr may be chosen to be semisimple, so that there is a splitting V — 
in eigenbundles of a such that the action of cr on is given by multiplication by some 
CTj e C*. If (T were a multiple of the identity, say cr = Aid with A G C*, then it would act 
on(/9 = /3 + 7by/3i-^ \^j3 and 7 ^ A~^7. Since 7^ this would force a to be equal to 1 
or —1, in contradiction with our choice. Hence cr is not a multiple of the identity, so the 
decomposition V — has more than one summand. The action ol a on S'^V ® S'^V* is 
given by 

(3.20) a = GiGj : ® Vj ^Vi® Vj and cr = a'^aj' : V* ® V* V* (g) V* . 

If we denote by ipij = (3ij + 7^ the component of Lp in H^{K ® {Vi ® Vj ® V* ® V*)) 
(symmetrizing the tensor product if i = j), then 



Suppose that p^i^j^^ 7^ for some Iq 7^ jo- From (3.21) we conclude that (TiQCFjQ = 1. But 
then (Ti(TjQ 7^ 1 for i 7^ io and (Ti^aj 7^ 1 for j 7^ jq. Hence, again by (3.21), (pij^^ = = (pi^j 
if i 7^ io or j ^ jg. Thus (V^g, \^*, </7iojg) is a U(p, gf)-Higgs Bundle and we have a non- 
trivial decomposition (V, ip) = (K © Vb, pa + <Pb) with (K, <Pa) = v*''^'''\Vi^„ V*^, Pi^ja). By 
Lemma 3.15 the Sp(2na, M)-Higgs bundle (14, v^a) is not stable so, by Lemma 3.13, {V,p}) 
is not stable. This contradiction shows that ipij = for i ^ j. 

It follows that ^ = J2Vi with (pi eH^{K® {S'^Vi ®S'^V*)). By Lemma 3.13 each of the 
summands (Vi,(^i) is a stable Sp(2n, M)-Higgs bundle and by Lemma 3.14 each ipi must 
be non-zero. Also, from (3.20), a ■ Pi — afPi and a ■ ^i — crr^7^ so we conclude that the 
only possible eigenvalues of cr are 1 and —1. Thus the decomposition {y,p>) = ©(Vi,<^i) 
has in fact only two summands and, more importantly, cr^ = 1. This means that all non- 
trivial elements of Aut{V,ip) have order two and therefore Aut(V^, v?) is abelian (indeed: 
if cr,T e Aut{V,(p) then we have a"^ — r'^ — {ray — 1, but (rcr)^ = rara — 1 implies, 
multiplying both sides on the left by r and then by cr, that rcr = err). 

Now, the summands (Vi.pi) may not be simple but, applying the preceding argu- 
ment inductively to each of the {Vi,p)i), we eventually obtain a decomposition {V,p>) = 
(©^)S<^i) where each {Vi,pi) is stable and simple, and pi 7^ 0. Since Aut{V,ip) is 



Aut(y, cp) ~ Aut(yi, (^1) X • • • X Aut{Vk, cpk) ^ (Z/2)^ 



(3.21) 
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abelian, the successive decompositions of V in eigenspaces can in fact be carried out si- 
multaneously for all a G Aut(K, (/?) \ {±1}. From this the uniqueness of the decomposition 
and the statement about the automorphism group of {V, (p) are immediate. 

Finally, Lemma 3.14 and Lemma 3.16 together imply that the {Vi^Lpi) are mutually 
non- isomorphic. □ 

3.4. L-twisted GL(n, R)-Higgs pairs. We study now L-twisted G-Higgs pairs for G = 
GL(n, M). They will appear for L = K in Section 3.5. When L = K^, these will be related 
to maximal degree Sp(2n, M)-Higgs bundles as we will see in Section 4. 

A maximal compact subgroup of GL(n, is H = 0(n) and hence H'^ = 0(n, C). Now, 
if W is the standard n-dimensional complex vector space representation of 0(n, C), then 
the isotropy representation space is: 

An L- twisted GL(n, M)-Higgs pair over X is thus a pair {{W,Q),^jj) consisting of a 
holomorphic 0{n, C)-bundle, i.e. a rank n holomorphic vector bundle W over X equipped 
with a non-degenerate quadratic form Q, and a section 

Note that when = a twisted GL(n, ]R)-Higgs pair is simply an orthogonal bundle. 

Remark 3.18. Since the centre of o{n) is trivial, o; = is the only possible value for which 
stabihty of an L-twisted GL(n, M)-Higgs pair is defined. 

In order to state the stability condition for twisted GL(n, M)-Higgs pairs, we first intro- 
duce some notation. For any filtration of vector bundles 

W ^ (O^WoCWiCW2C ■■■ CWk^W) 

of satisfying Wj = W^_^j (here W^_^j denotes the orthogonal complement of Wk-j with 
respect to Q) define 

A(>V) = {(Ai, A2, . . . , Afc) e M^' I \i < Xi+i and A^ + \k-i+i = for any i }. 

Define for any A G A(W) the following bundle. 

N{W, A) = J2 L®Wi®s Wj. 

\i+Xj<0 

Also we define 

fe-i 

d{yV,X) = J2i^j-X,+,)degW, 

j=l 

(note that the quadratic form Q induces an isomorphism W ~ W* so deg W — deg — 
0). 

According to [19] (see also [6]) the stability conditions (for a — 0) for an L-twisted 
GL(n, ]R)-Higgs pair can now be stated as follows. 

Proposition 3.19. an L-twisted GL{n,M.)-Higgs pair (W. Q. iJj) is semistable if for all 
filtrations W as above and all A G A(W) such that %l) G i7°(A^(W, A)), we have diW, A) > 0. 

The pair (W^ ip) is stable if it is semistable and for any choice of filtration W and nonzero 
A G A(W) such that ip G H%N{W, A)), we have d{W, A) > 0. 
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The pair {W,ip) is polystable if it is semistable and for any filtration W as above and 
A e A(>V) satisfying Aj < A^+i for each i, ip e i7°(A^(W, A)) and d{yV, A) = 0, there is an 
isomorphism 

W ~ H^i © W2/W1 © ■ ■ • ® Wk/Wk-i 

such that pairing via Q any element of the summand Wi/Wi-i with an element of the 
summand Wj/Wj-i is zero unless i + j — k + 1; furthermore, via this isomorphism, 

^PeH\ L<^{W^/W,.^)®s{W,/W,.i)). 

There is a simplification of the stabihty condition for orthogonal pairs analogous to 
Proposition 3.4 (see [19] for details). 

Proposition 3.20. The L-twisted Gh{n,M.)-Higgs pair {{W,Q),'ijj) is semistable if and 
only if for any isotropic subbundle W dW such that ijj e H^{S'^W'-^'^ ®W'(S>sW(^L) 
the inequality degW < holds. Furthermore, {{W,Q),ip) is stable if it is semistable and 
for any isotropic strict subbundle CW such that ip G H^{S'^W'-^Q ®W' ® L) 

we have deg < holds. Finally, {{W,Q),ip) is polystable if it is semistable and for any 
isotropic strict subbundle W' C W such that ijj e H^(S'^W'-^<^ ®W' ®sW L) and 
degW = there is another isotropic subbundle W" C W such that ijj G H^(S'^W"-^'^ ® 
W" ^sW^L) and W^W® W". 

Remark 3.21. The condition ip e H^{S^W^'^ eWi^sW ® L) is equivalent to ipiWi) C 
Wi ® L, where i/j — t/joQ: W^W<SiL. The reasoning is analogous to the proof of 
Corollary 4.2. 

3.5. Sp(2n, M)-, Sp(2n, C)- and SL(2n, C)-Higgs bundles: stability conditions. An 

Sp(2n, ]R)-Higgs bundle can be viewed as a Higgs bundle for the larger complex groups 
Sp(2n, C) and SL(2n,C). The goal of this section is to understand the relation between 
the various corresponding stability notions. The main results are Theorems 3.24 and 3.25 
below. 

If G = SL(n, C) then the maximal compact subgroup of G is if = SU(n) and hence H'^ 
coincides with SL(n, C). Now, if W = C" is the fundamental representation of SL(n, C), 
the isotropy representation space is given by the traceless endomorphisms of W 

= 5[(W) = e End(W) I Tr^ = 0} C End W, 

so it coincides again with the adjoint representation of SL(n, C) on its Lie algebra. An 
SL(n, C)-Higgs bundle is thus a pair consisting of a rank n holomorphic vector bundle W 
over X endowed with a trivialization dct W O and a holomorphic section 

$ G H\K (^Endo W), 

where Endg W denotes the bundle of traceless endomorphisms of W. 

Again we refer the reader to [19] for the general statement of the stability conditions for 
SL(n, C)-Higgs bundles. (Semi)stabihty simphfies in this case to the original notions given 
by Hitchin in [27] (see [19]). 

Proposition 3.22. An SL(n, C)-Higgs bundle (W, <I>) is semistable if and only if for any 

subbundle W CW such that ^{W) C K i^W we have dcg W <0. Furthermore, {W, $) 
is stable if for any nonzero and strict subbundle W C W such that ^{W) d K ® W we 
have deg W < 0. Finally, {W, $) is polystable if it is semistable and for each subbundle 
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W CW such that ^{W) C K W and dcg W = there is another subbundle W" C W 
satisfying ^W") CK^W" and W ^W® W". 

Consider now the case G = Sp(2n, C). A maximal compact subgroup of G is if = Sp(2n) 
and hence if*^ coincides with Sp(2n, C). Now, if W = C^" is the fundamental representation 
of Sp(2n, C) and uj denotes the standard symplectic form on W, the isotropy representation 
space is 



so it coincides with the adjoint representation of Sp(2n, C) on its Lie algebra. An Sp(2n, C)- 
Higgs bundle is thus a pair consisting of a rank 2n holomorphic symplectic vector bundle 
{W, over X (so Q is a holomorphic section of A'^W* whose restriction to each fibre of 
W is non degenerate) and a section 



where 5p(VF) is the vector bundle whose fibre over x is given by sp{Wx, O.^). 

As for SL(n, C), we refer the reader to [19] for the general statement of the stability 
conditions for Sp(2n, C)-Higgs bundles. We now have the following analogue of Proposition 
3.4, which implies that the definition of (semi) stability from [19] coincides with the usual 
one in the literature in the case $ = (cf. Ramanathan [37]). Recall that if (VF, il) is a 
symplectic vector bundle, a subbundle W cW is said to be isotropic if the restriction of 
Q to W is identically zero. 

Proposition 3.23. An Sp{2n,C)-Higgs bundle {{W,il),^) is semistable if and only if 
for any isotropic subbundle W C W such that ^{W) d K ® W we have degW < 0. 
Furthermore, {{W,VL),(^) is stable if for any nonzero and strict isotropic subbundle ^ 
W dW such that ^[W) C L®W' we have degW < 0. Finally, {{W, fi), $) is polystable 
if it is semistable and for any nonzero and strict isotropic subbundle W C W such that 
^{W) <Z L®W' and deg W = Q there is another isotropic subbundle W" C W such that 
^{W") (lL®W" and W = W' ® W" . 



Given an Sp(2n, R)-Higgs bundle ( V, (^) with ^ = (/5,7) G H%K (S'^V ® S^V*)) one 
can associate to it an Sp(2n, C)-Higgs bundle {{W, fl), $) given by 



for local holomorphic sections v,w oi V and ^, rj of V* (i.e. fl is the canonical symplectic 
structure on V (BV*). 

Since Sp(2n, C) C SL(2n, C), every Sp(2n, C)-Higgs bundle {{W, fl), $) gives rise to an 
SL(2n, C)-Higgs bundle {W, $). If {{W, Q),<^>) is obtained from an Sp(2n, M)-Higgs bundle 
(y, (fi) we denote the associated SL(2n, C)-Higgs bundle by 



Theorem 3.24. Let {V, ip = {p, 7)) be an Sp(2n, R)-Higgs bundle and let {W, $) = H{V, ip) 
be the corresponding SL{2n,C) -Higgs bundle. Then 

(1) if (W, $) is stable then (V, ip) is stable; 

(2) if {Vj If) is stable and simple then {W^ $) is stable unless there is an isomorphism 
f -.V ^V* such that I3f = /~^7, in which case {W, $) is polystable; 



m'^ = sp(W) =sp(W,cu) := e End(W) | cj(^-, ■) + cj(-, C-) = 0} C EndW, 



$ e H^{K®sp{W)), 



(3.22) 
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(3) {W, $) is semistable if and only if {V, ip) is semistable. 

(4) {W, $) is polystable if and only if (V, (p) is polystable; 

In particular, if deg V ^ then {W, is stable if and only if (V, (f) is stable. 

For the statement of the following Theorem, recall from Section 3.4 that a GL(n, M)- 
Higgs bundle is given by {{W, Q) , ip) , where {W,Q) is rank n orthogonal bundle and 
il) eH^{K® S'^W). The stability condition for GL(n, ]R)-Higgs bundles is given in Propo- 
sition 3.20. 

Theorem 3.25. Let iV,^) be a stable and simple Sp{2n,9.)-Higgs bundle. Then (V, is 

stable as an S];){2n,C)-Higgs bundle, unless there is a symmetric isomorphism f : V ^ V* 
such that j3f = /^^7. Moreover, if such an f exists, let ip = f3 = f^^^ff^^ G H^{K^S'^V). 
Then the GL{n,M.)-Higgs bundle {{V,f),ip) is stable, even as a GL{n,C)-Higgs bundle. 

The proof of Theorem 3.24 is given below in Section 3.6 and the proof of Theorem 3.25 
is given below in Section 3.7. 

The following observation is not essential for our main line of argument. We include it 
since it might be of independent interest. 

Remark 3.26. Suppose we are in Case (2) of Theorem 3.24. Decompose / = fs+fa- V ^ V 
in its symmetric and anti-symmetric parts, given by = |(/ + /*) and fa = \{f~ /*)• 
Let Va — ker(/3) and Vg = ker(/a). Both T4 and Vs are vector bundles, since the ranks of 
fs and fa (which coincide with the multiplicities of —1 and 1 respectively as eigenvalues 
of /) are constant. There is then a decomposition V — Va®Vs and / decomposes as 




■.Vs®Va^ v; © v:. 



Write 7,,a : Va V* ® K for the component of 7 in H^{K ® V* ® V*) and similarly 
for the other mixed components of fi and 7. Since / intertwines /3 and 7, one has that 

las = faPasfs- HeUCC 

7sa Tas fsPasfa fsl^safa 1 sa- 

lt follows that 7^^ = and similarly for the other mixed terms. Thus there is a decom- 
position iy^ip) = (Vs © Va,ips + '■Pa)- If iYiV) is simple then one of the summands must 
be trivial. The case when {V, p) = (Vg, p>s) is the one covered in Theorem 3.25. In the 
other case, when (V, (p) = (Va, <p>a), the antisymmetric map / defines a symplectic form on 
V. If we let ip = i3f = f^^i, one easily checks that ip is symplectic. Thus, in this case, 
{V,p>) comes in fact from an Sp(n, C)-Higgs bundle {{V, f),ilj). This is a stable Sp(n, C)- 
Higgs bundle, since (V, ip) is a stable GL(n, C)-Higgs bundle (cf. the proof of Theorem 3.25 
below) . 

3.6. Proof of Theorem 3.24. The proof of the theorem is split into several lemmas. 
We begin with the foUowing lemma which proves that Higgs bundle stability of H(^V, ip) 
imphes stability of (V, cp). 

Lemma 3.27. Let {V,p = 7)) be an S]){2n,M.)-Higgs bundle, and let 

^^(^^ --V^V* ^K^{V®V*). 
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The pair (V. 9?) is semistahle if and only if for any pair of subbundles A G V and B (ZV* 
satisfying C A, A^ C B and ^{A ® B) G K <^{A®B) we have deg{A ® B) < 0. 

The pair {V, (p) is stable if and only if it is semistable and for any pair of subbundles 
A G V and B G V* , at least one of which is proper, and satisfying B^ G A (equivalently, 
A^ G B) and $(A ®B)gK®{A®B), the inequality deg{A © 5) < holds. 

Proof. Suppose that A G V and B G V* satisfy the conditions of the lemma. Then setting 
V2 '■= A and Vi :~ B^ we obtain a filtration gVi GV2 G V which, thanks to Remark 3.6, 
satisfies (3.13). 

Conversely, given a filtration C Vi C V2 C V for which (3.13) holds, we get subbundles 
A :—V2 gV and B := G V* satisfying the conditions of the lemma. Finally, we have 

deg{A ®B) = deg{V^^ © V2) = deg Vi + deg V2 - deg V, 

so the lemma follows from Proposition 3.4. (For the case of stability, note that at least one 
of Vi and V2 is a proper subbundle of V if and only if at least one of A G V and B G V* 
is a proper subbundle.) □ 

Remark 3.28. In the proof we have used the following formula: if F C is an inclusion 
of vector bundles, then deg F-^ = deg F — deg E. To check this, observe that there is an 
exact sequence — > F-*- — > F* — > F* — > 0, and apply the additivity of the degree w.r.t. 
exact sequences together with deg E* — — deg E and deg F* — — deg F. 

The following lemma resumes the proof of equivalence between Higgs bundle stability 
and stabihty when V is not isomorphic to V* . 

Lemma 3.29. Suppose that {V, (p) is semistable, and define $: V ® V* ^ K ® {V ® V*) 
as previously. Then any subbundle 7^ W GV®V* such that ^(W) G K ® W satisfies 
deg W < 0. Furthermore, if (V, ip) is stable and simple, one can get equality only if there 
is an isomorphism f :V ^V* such that (3f — f~^j, and in this case {W, $) = H{V, (p) is 
polystable. 

Proof. Fix a subbundle W G V ®V* satisfying ^{W) G K ® W. We prove the lemma 
in various steps. 

1. Denote hj p :V(BV* ^ V and q : V(BV* ^V* the projections, and define subsheaves 
A = p(M/') and B = q{W'). It follows from <^W' G K (g) W that (3B G K (g) A and 
•yA G K ® B (for example, using that $p = g$ and $g = p$). Since both /3 and 7 are 
symmetric we deduce that I3A-^ G K ® B^ and ^B-^ G K ® A-^ as well. It follows from 
this that if we define subsheaves 

Ao = A + B^ gV and Bq = B + A^ gV* 

then we have B^ G Aq, A^ G Bq and $(Ao ® Bq) G K ® (Aq © Bq). 

We can apply Lemma 3.27 also to subsheaves by replacing any subsheaf of V or V* 
by its saturation, which is now a subbundle of degree not less than that of the subsheaf. 
Hence we deduce that 

(3.23) deg Aq + deg Bq = deg{A + B^) + deg{B + A^) < 0, 

and equality holds if and only if ^4 + B^ = V and B + A^ = V* . 
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Now we compute (using repeatedly the formula in Remark 3.28) 
deg{A + B^) = deg A + deg - deg{A n B^) 

= degA + degS - deg V* - deg((A^ + B)^) 

= deg A + deg B - deg V* - deg(A-^ + B) + deg V* 

= degA + degfi - deg(A-^ + B). 

Consequently deg74 + degS — deg(A + B^) + dcg(A-'- + B), so (3.23) implies that 

(3.24) degA + degB<0, 
with equality if and only if A + = F and S + = y*. 

2. Let now A' = W' nV and B' = W' nV*. Using again that ^{W) (Z K ®W' we prove 
that I3B' (Z K ® A' and 7A' d K ® B' . Now, the same reasoning as above (considering 
{A + B'^) © {B' + A^) and so on) proves that 

(3.25) deg A' + deg 5' < 0, 

with equality if and only if A ^ B'^ and A'^ + B' ^V*. 

3. Observe that there are exact sequences of sheaves 

B' ^ A^Q and A' ^ B ^Q, 

from which we obtain the formulae 

deg W = deg A + deg B' and deg W = deg S + deg A! . 
Adding up and using (3.24) together with (3.25) we obtain the desired inequality 

degiy' < 0. 

4. Finally we consider the case when (V, ip) is stable and simple. Suppose that deg W = 0. 
Then wc have equality both in (3.24) and in (3.25). Hence, A + B^ = V , A^ + B = V* , 
A' + B'^ = V and A'^ + B' = V* . But A^ + B = {Ar\ B^)^ and A'^ + B' = {A' n 5'^)^, 
so we deduce that 

A®B^^V and A' © B'^ = V. 

If one of these decompositions were nontrivial then V would not be simple, in contradiction 
with our assumptions. Consequently we must have A = V, B^ = (because W 7^ 0) and 
similarly A' = 0, B'^ = V* (because W V (B V*). This implies that the projections 
p : W — > A and q : W — > B induce isomorphisms u : W ~ V and v : W ~ V*. Finally, 
defining f :— vo : V ^ V* we find an isomorphism which satisfies /3/ = /"^T because 

To prove that in this case {W, $) = H{V, (p) is strictly polystable just observe that 
W = {{u, fu) I u G V} and define W" = {{u, —fu) \ u G V}. It is then straightforward 
to check that V ®V* = W' ®W\ that <ZK®W' and that ^W" ZK®W". Finally 
note that the Higgs bundle [W , $) is stable: any ^-invariant subbundle Wq C W is also a 
^-invariant subbundle of {V ®V* ,^). Hence, if deg Wq = the argument of the previous 
paragraph shows that Wq has to have the same rank as V , so Wq — W . Analogously, one 
sees that {W" , $) is a stable Higgs bundle. □ 

Lemma 3.30. An Sp{2n,R) -Higgs bundle {V,(f) is semistable if and only if H{V,ip) is 
semistable. 
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Proof. Both Lemmas 3.27 and 3.29 are valid if we substitute all strict inequalities by in- 
equalities (and of course remove the last part in the statement of Lemma 3.29). Combining 
these two modified lemmas wc get the desired result. □ 

Lemma 3.31. An Sp(2n,M)-Higgs bundle {V,(p — is polystable if and only if 

H{V, ip) is polystable. 

Proof. If (y, (/?) is polystable then Lemmas 3.27 and 3.29 imply that H(y, (p) is polystable. 

Now assume that {W, = H{V, (p) is polystable, so that W = Wi with C 

K (S>Wi and every {Wi, ^\wi) is stable with deg Wj = 0. 

1. We claim that for any subbundle U <Z W satisfying degf/ = and $(f/) C K ®U 
there is an isomorphism ip : W ^ W which commutes with $ and a set / C {!,..., N} 
such that U = ^'(©je/^O- To prove the claim we use induction on N (the case = 1 
being obvious). Let W>2 — 0j>2 and denote by p>2 : W — > W>2 the projection. Then 
we have an exact sequence 

o^Winu ^ P>2{u) 0. 

Since both Wi fl U and p>2{U) are invariant under by polystability their degrees must 
be < 0. And since according to the exact sequence above the sum of their degrees must 
be 0, the only possibility is that 

deg W^i n [/ = and degp>2(C/) = 0. 

Now we apply the induction hypothesis to the inclusion p>2{U) C W>2 and deduce that 
there is an isomorphism ■02 : W>2 W>2 commuting with $ and a subset /2 C {2, . . . , N} 
such that 

P>2{u) = M®Wi). 

Since deg WidU — and Wi is stable, only two things can happen. Either WidU — Wi 
or WidU — 0. In the first case we have 

ieh 

so putting I — {1} n /2 and ip — diag( 1,-02) the claim is proved. If instead WidU — 
then there is a map ^ : p>2{U) Wi such that 

u^mv),v)ew^®p>2}. 

Since U is ^-invariant we deduce that ^ must commute with If we now extend ^ to W>2 
by defining ^(■02(Wj)) = for any j e {2, . . . , N} \ I2 then the claim is proved by setting 
I — I2 and 

1 ^0^2 
1P2 



= 



2. Define for any W dW the subsheaves R{W') = p{W')®q{W') (recall that p : W ^ V 
and q : W ^ V* are the projections) and r{W') = {W'nV)®{W'nV*). Reasoning as in the 
first step of the proof of Lemma 3.29 we deduce that if W is ^-invariant then both R{W') 
and r(W') are $ invariant, so in particular we must have deg R{W') < and dcgr{W') < 0. 
In case degW^' = these inequalities imply degi?(W^') = degr(W^') = (using the exact 
sequences nV* ^ p{W') and ^ W nV ^ W ^ q{W') 0). 
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Assume that there is some summand in {Wi, . . . , PFat}, say Wi, such that ^ r(Wi) 
or R{Wi) 7^ W. Suppose, for example, that W := R{Wi) ^ W (the other case is 
similar). Let A = p{Wi) and B = q{Wi), so that W = A (B B. By the observation 
above and the claim proved in 1 we know that there is an isomorphism ijj : W ^ W 
which commutes with $ and such that, if we substitute {Wi}i<i<N by {ip{Wi)}i<i<N and 
we reorder the summands if necessary, then we may write W = Wi © ■ ■ ■ © Wk for some 
k<N. Now let W" = Wk+i ®---®Wn- We clearly have W = W' ®W", so the inclusion 
oi W" G W = V ®V* composed with the projection V ®V* ^ V/A © V*/B = W/W 
induces an isomorphism. Consequently we have V — A® W" fl V. Let us rename for 
convenience Vi A and V2 := W" fl V. Then, using the fact that each Wj is ^-invariant 
we deduce that we can split both (3 and 7 as 

(3 = ((3i,(32) e H^iK (8) S^Vi) © H%K S^V2), 
7 = (71, 72) e H'^iK ® S^V*) © S^V*). 

Hence, if we put = {(3i, ji) for i — 1,2 then we may write 

{V,ip) = {Vi,ipi)®{V2,ip2). 

3. Our strategy is now to apply recursively the process described in 2. Observe that if 
> 3 then for at least one i we have R{Wi) 7^ W, because there must be a summand 
whose rank is strictly less that the rank of V. Hence the projection of this summand to V 
is not exhaustive. 

Consequently, we can apply the process and split V in smaller and smaller pieces, until 
we arrive at a decomposition 

such that we can not apply 2 to any H{Vi, ipi) For each {Vi, ipi) there are two possibilities. 
Either H{Vi,(pi) is stable, in which case {Vi,ipi) is stable (by Lemma 3.27), or H{Vi,^pi) 
splits in two stable Higgs bundles W/ © W" which satisfy: 

R[W[) = R{W") = W and r{Wl) = r(H^") = 0. 

But in this case it is easy to check that {Vi, (fi) is also stable. 

By the preceding lemma, {V, (p) is semistable. Suppose it is not stable. Then there is a 
filtration C Fi C C F such that $(^2 © V^i^) C AT ® (1^2 © V^^) and W V2 ®V^^ = 
has degree deg W — 0. 

Define W>2 — ©i>2 ^^<i P2 ■ W ^ W>2 denote the projection. We have an exact 
sequence 

O^W'nWi^W ^ P2{W') 0. 

It is easy to check that (^{W nWi) C K ® {W nWi) and that <^{p2{W')) C K®p2{W'). 
Since both Wi and W>2 are polystable, we must have deg WClWi < and degp2{W') < 0. 
Finally, since deg W = 0, the exact sequence above implies that deg W Pi Wi = and 
degp2(W^') = 0. Now Wi is stable, so W fl Wi can only be either or l^i. Reasoning 
inductively with p2{W') C W>2 in place of W C W we deduce that there must be some 
I C {1, . . . ,k} such that 



28 



O. GARCIA-PRADA, P. B. GOTHEN, I. MUNDET I RIERA 



Since each (Wj, ^\wi) is stable, it is easy to check (for example using induction on A^) 
that one must have degy2 ® — Wj for some j. This easily imphes that V2 — V D Wj 
and if we define 

then V = V Q) V2. Applying the same process to V and V2 we arrive at the conclusion 
that (V, (f) is polystable. □ 

Remark 3.32. The existence of the decomposition of a polystable Sp(2n, ]R)-Higgs bundle 
{V, ip) given in Proposition 3.11 can be proved directly from the above analysis, as we now 
briefly outhne. Let (V, </?) be a polystable Sp(2n, ]R)-Higgs bundle and let {W, = H{V, (p) 
be the corresponding SL(2n, C)-Higgs bundle. By Theorems 3.24 and 3.22 we have that 

(3.26) ^w,^) = ^{W,,^,), 

where {Wi, $j) are stable GL{ni, C)-Higgs bundles. We can control the shape of the sum- 
mands {Wi, by considering the subbundlcs A(BB described in Lemma 3.27. By consid- 
ering a maximal destabilizing W = A(B B 'Z E and analyzing the induced stable quotient 
W" — (V/A) © V*/B with the induced Higgs field, one sees that (Wj, $j) is in fact isomor- 
phic to HiVi, ipi), where (V^, Lpi) is of one of the three types U(nj), Sp(2nj, R), and U(pj, g^). 
The different types correspond to whether {V/A}* and V* / B are isomorphic or not. 

3.7. Proof of Theorem 3.25. An Sp(2n, C)-Higgs bundle ((W, is stable if the 

SL(2n, C)-Higgs bundle {W, $) is stable. Thus the result is immediate from Theorem 3.24, 
unless we are in Case (2) of that Theorem. In that case, we have seen in the last paragraph 
of the proof of Lemma 3.29 that 

(1) There is an isomorphism / as stated, except for the symmetry condition. 

(2) There is an isomorphism V ®V* = W' ® W", where W = {{u, f{u)) \ u e V} and 
W" = {{u, —f{u)) \ u G V}, and W and W" are $- invariant subbundles of W. 

(3) The SL(2n, C)-Higgs bundle {W, $) is strictly polystable, decomposing as the direct 
sum of stable GL(n, C)-Higgs bundles: 

(3.27) {W, $) = {W, $') © {W", $")• 
Note also that {W, $') ~ {W", $")• 

Now, from Theorem 3.23 we have that for the Sp(2n, C)-Higgs bundle ((W,Q),$) to be 
strictly semistable, it must have an isotropic ^-invariant subbundle of degree zero. But 
the decomposition (3.27) shows that the only degree zero ^-invariant subbundles are W 
and W". The subbundle W is isotropic if and only if, for all local sections u,v of V, we 
have 

n{(u,f(u),(v,f(v))^0 ^ {u,f(v))^{v,f(u)), 

that is, if and only if / is symmetric. Analogously, W" is isotropic if and only if / is 
symmetric. The first part of the conclusion follows. 

For the second part, consider the GL(n, R)-Higgs bundle ((V, /),/?/). This is stable as 
a GL(n, C)-Higgs bundle because (V,/9/) ~ (W, $'), which is stable. Thus, in particular, 
((V,/),/3/) is stable as a GL(n, M)-Higgs bundle (see Proposition 3.20). □ 
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3.8. Milnor— Wood inequality and moduli space of Sp(2n, M)-Higgs bundles. The 

topological invariant attached to an Sp(2n, M)-Higgs bundle {V,f3,'j) is an element in the 
fundamental group of U(n). Since 7ri(t/(n)) ~ Z, this is an integer, which coincides with 
the degree of V. 

We have the following Higgs bundle incarnation of the Milnor- Wood inequality (1.1) 
(see [26, 2]). 

Proposition 3.33. Let (F, 7) be a semistahle 8^(211, M.) -Higgs bundle and let d — 
deg(y). Then 

(3.28) d <rank(7)(^- 1) 

(3.29) -d <rank(/3)(c/-l), 

This is proved by first using the equivalence between the semistability of (K, /9, 7) and 
the SL(2n, C)-Higgs bundle (W^, $) associated to it, and then applying the semistability 
numerical criterion to special Higgs subbundles defined by the kernel and image of 

As a consequence of Proposition 3.33 we have the following. 

Proposition 3.34. Let (V^, /3, 7) be a semistahle Sp{2n,'M.)- Higgs bundle and let d — 
deg{V). Then 

\d\<n{g-l). 

Furthermore, 

(1) d = n{g — 1) holds if and only if •j: V ^ V* ^ K is an isomorphism; 

(2) d — —n{g — 1) holds if and only if (5 : V* ^ V ® K is an isomorphism. 

Recall from our general discussion in Section 2.1 that A^ci(Sp(2n, M)) denotes the moduli 
space of Sp(2n, M)-Higgs bundles (V, /3, 7) with dcg(V") = d. For brevity we shall henceforth 
write simply J\A.d for this moduli space. 

Combining Theorem 2.5 with Proposition 2.23 we have the following. 

Proposition 3.35. The moduli space M.d is a complex algebraic variety. Its expected 
dimension is {g — l)(2n^ + n). 

One has the following immediate duality result. 
Proposition 3.36. The map (y,/3,7) 1-^ (y*,7*,/9*) gives an isomorphism Aid — M.-d- 

As a corollary of Proposition 3.34, we obtain the following. 
Proposition 3.37. The moduli space Aid is empty unless 

\d\<n{g-l). 

3.9. Smoothness and polystability of Sp(2n, ]R)-Higgs bundles. We study now the 
smoothness properties of the moduli space. As a corollary of Proposition 2.22 and Theo- 
rem 3.25 we have the following. 

Proposition 3.38. Let (V, </?) be an Sp(2n, M.)-Higgs bundle which is stable and simple and 
assume that there is no symmetric isomorphism f: V ^ V* intertwining (3 and 7. Then 
{V, (f) represents a smooth point of the moduli space of polystable Sp(2n, M)-Higgs bundles. 
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So, a stable Sp(2n, R)-Higgs bundle (V, tp) in M.(i with d ^ can only fail to be a smooth 
point of the moduli space if it is not simple — this gives rise to an orbifold-type singularity 
— or if, in spite of being simple, there is an isomorphism ~ intertwining f3 and 7. 
Of course, this can only happen if d — deg V — 0. Generally, if (V, (p) is polystable, but 
not stable it is also a singular point of Add- 

We shall need the following analogue of Proposition 3.38 for U(n)-, U(p, q)- and GL(n, M)- 
Higgs bundles 

Proposition 3.39. (1) A stable U{n)-Higgs bundle represents a smooth point in the 

moduli space of \J{n)-Higgs bundles. 

(2) A stable \J{p,q)-Higgs bundle represents a smooth point of the moduli space of 
\J{p,q)-Higgs bundles. 

(3) A GL{n,M.)-Higgs bundle which is stable as a GL{n,C)-Higgs bundle represents a 
smooth point in the moduli space of GL{n,M.)-Higgs bundles. 

Proof. (1) A stable U(n)-Higgs bundles is nothing but a stable vector bundle, so this is 
classical. 

(2) A stable U(p, g)-Higgs bundle is also stable as GL{p + g, C)-Higgs bundle (see [2]). 
Thus the result follows from Proposition 2.22 and the fact that a stable GL(p + g, C)-Higgs 
bundle is simple. 

(3) This holds by the same argument as in (2). □ 

It will be convenient to make the following definition for GL(n, R)-Higgs bundles, analo- 
gous to the way we associate Sp(2n, ]R)-Higgs bundles to vector bundles and U(p, g)-Higgs 
bundles in (3.17) and (3.18), respectively (cf. Theorem 3.25). Given a GL(n, M)-Higgs bun- 
dle ((VF,Q),'0), let /: 1^ — > W* be the symmetric isomorphism associated to Q. Define 
an associated Sp(2n, R)-Higgs bundle 

(3.30) (y,(^)=z;«L("«((iy,g),V') 
by setting 

V^W, P^i/j and -f^fijf. 

Again we shall slightly abuse language, saying simply that v?^^'''^\{W, Q),^) is a GL(n, R)- 
Higgs bundle, whenever no confusion is likely too occur. 

Putting everything together we obtain our main result of this section: a structure theo- 
rem for polystable Sp(2n, ]R)-Higgs bundles. 

Theorem 3.40. Let (y,ip) be a polystable Sp{2n,M.)-Higgs bundle. Then there is a de- 
composition {V,ip) = {Vi,ipi) © ■ ■ ■ © {Vk,ipk), unique up to reordering, such that each of 
the Sp{2ni,M.)-Higgs bundles {Vi,ifii) is one of the following. ■ 

(1) A stable and simple Sp{2ni,M.)-Higgs bundle. 

(2) A stable \J{pi, qi)-Higgs bundle with Ui — Pi + qi. 

(3) A stable \]{ni)-Higgs bundle. 

(4) A GL[ni,M.)-Higgs bundle which is stable as a GL{ni,C)-Higgs bundle. 

Each (Vijipi) is a smooth point in the moduli space of Gi-Higgs bundles, where Gi is the 
corresponding real group Sp(2nj,]R), U(pj,gj), U(nj) or GL(nj,]R). 

Proof. This follows from Propositionsand 3.11, 3.38 and 3.39 and Theorems 3.17 and 3.25 

□ 
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4. Maximal degree Sp(2n, ]R)-Higgs bundles and the Cayley correspondence 

4.1. Cayley correspondence. In this section we shall describe the Sp(2n, M) moduli 
space for the extreme value \d\ — n{g — 1). In fact, for the rest of this section we shall 
assume that d = n{g — 1). This involves no loss of generality, since, by Proposition 3.36, 
(y, If) ^ iy* • f^) gives an isomorphism between the Sp(2n, M) moduli spaces for d and — 
The main result is Theorem 4.4, which we refer to as the Cayley correspondence. This is 
stated as Theorem 1.3 in the Introduction, where the reason for the name is also explained. 

When 7 is an isomorphism, the stability condition for Sp(2n, ]R)-Higgs bundles, given 
by Proposition 3.4, simplifies further. Here is a key observation: 

Proposition 4.1. Let (V,7,/3) be an Sp{2n,'R)-Higgs bundle and assume that j: V ^ 
V* <S> K is an isomorphism. If C. Vi C. V2 Q V is a filtration such that 7 e H^{K (8) 
(-SVi^ + ®s V*)), then V2 = V{^\ 

Proof. This follows from the interpretation of the condition on 7 given in Remark 3.6. □ 

Proposition 4.2. Let (V,/9,7) he an Sp{2n,'R)-Higgs bundle and assume that 7: K — 
V* ® K is an isomorphism. Let j3 = {j3 ® 1) o '-^ : V ® . Then (V^ f3, 7) is stable if 
and only if for any Vi C V such that V\ C V^~' (i.e., V\ is isotropic with respect to ^) and 
C (g) K"^, the condition 

l^{Vi) <g-l 

is satisfied. 

Proof. Note that (5 is symmetric with respect to 7 (viewed as an valued quadratic form 
on V). Prom Remark 3.6 one sees that (3 e H^{K ® {S'^Vi + ®s V)) if and only if 
P preserves the filtration C Vi C V2 C T/. But from Lemma 4.1 we have V2 = V-^~' . 
Hence (3 preserves Vi if and only if it preserves V2 (here one uses that (3 is symmetric with 
respect to 7). Given this correspondence between the subobjects, one can easily translate 
the stabihty condition. □ 

Let (V, 13, 7) be an Sp(2n, M)-Higgs bundle with d = n{g-l) such that 7 G H^{K^S'^V*) 
is an isomorphism. Let Lq = K^^'^ be a fixed square root of K, and define W = V* Lq. 
Then Q := 7 ® Ij^-i '■ W* — H^ is a symmetric isomorphism defining an orthogonal 
structure on W, in other words, {W, Q) is an 0(n, C)-holomorphic bundle. The if ^-twisted 
endomorphism -.W ^ W ® K'^ defined by ^0 = (7 (8) Ik®Lo) ° (3 ® Ilq is Q-symmetric 
and hence (W, Q, ij)) defines a if^-twisted GL(n, ]R)-Higgs pair, from which we can recover 
the original Sp(2n, M)-Higgs bundle. 

Theorem 4.3. Let (V, /9,7) be a S];){2n,M.)-Higgs bundle with d = n{g — 1) such that 7 
is an isomorphism. Let (W^Q^iIj) be the corresponding K'^-twisted GL{n,M.)-Higgs pair. 
Then (y, /3, 7) is semistable (resp. stable, polystable) if and only if {W,Q,ip) is semistable 
(resp. stable, polystable). 



Proof. This follows from the simplified stability conditions given in Theorem 3.20 and 
Proposition 4.2, using the translation Wi — V{ Lq. Similarly for semistability and 
polyst ability. □ 
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Theorem 4.4. Let Mraax be the moduli space of polystable Sp{2n,M.)-Higgs bundles with 
d = n{g — 1) and let Ai' be the moduli space of polystable K'^-twisted GL(n, M)-Higgs pairs. 
The map {V,(3,j) h- >• {W,Q,ip) defines an isomorphism of complex algebraic varieties 

Almax ^ M'. 

Proof. Let {V, (3, 7) be a semistable Sp(2n, ]R)-Higgs bundle with d — n{g — 1). By Propo- 
sition 3.34, 7 is an isomorphism and hence the map {V,(3,'-f) ^ {W,Q,iIj) is well defined. 
The result follows now from Theorem 4.3 and the existence of local universal families (see 
[41]). □ 

4.2. Invariants of GL(n, M)-Higgs pairs. To a /C^-twisted GL(n, ]R)-Higgs pair {W. Q, ip) 
one can attach topological invariants corresponding to the first and second Stiefel- Whitney 
classes of a reduction to 0(n) of the 0(n, C) bundle defined by {W,Q). The first class 
wi e i7^(X, Z2) ~ measures the obstruction for the 0(n)-bundle to have an ori- 
entation, i.e. to the existence of a reduction to a SO(n) bundle, while the second one 
W2 G Z2) ~ Z2 measures the obstruction to lifting the 0(n)-bundle to a Pin(n)- 

bundle, where 

1 ^ Z2 ^ Pin(n) ^ 0(n) ^ 1. 

If we define 

M'u)uw2 '■= {{W,Q,i>) e M' such that wi{W) = wi and W2{W) = W2}, 
we have that 

(4.31) M'^ \J A^U,«..- 

Wl,W2 

We thus have, via the isomorphism given by Theorem 4.4, that the moduli space Almax 
is partitioned in disjoint closed subvarieties corresponding to fixing (wi,W2). 

5. The Hitchin functional 

5.1. The Hitchin functional. In order to define this functional, we consider the moduli 
space of Sp(2n, M)-Higgs bundles {V,(p) from the gauge theory point of view, i.e., we use 
the identification of Md with the moduli space M.f'^^^ of solutions {A, (p) to the Hitchin 
equations given by Theorem 2.8. There is an action of on Ai^ via multiplication of (p by 
scalars: {A,Lp) 1-^ (A,e^^Lp). Restricted to the smooth locus TVf^ this action is hamiltonian 
with symplectic moment map — /, where the Hitchin functional f is defined by 

f:Md^R, 

^'■^'^ (A^)-iiMr = iii/3ir+iii7ir. 

Here ||-|| is the L^-norm obtained by using the Hermitian metric in V and integrating over 
X. The function / is well defined on the whole moduli space (not just on the smooth 
locus). It was proved by Hitchin [27, 28] that / is proper and therefore it has a minimum 
on every closed subspace oi M. — [jd-M-d- Thus we have the following result. 

Proposition 5.1. Let A4' Q A4 be any closed subspace and let Af' C Ai' be the subspace 
of local minima of f on M.'. If H' is connected then so is M.' . □ 



The following observation was also made by Hitchin [28]. 
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Proposition 5.2. The Hitchin functional is additive with respect to direct sum ofSp{2n, R)- 
Higgs bundles, in other words, 

Let {V, if ) represent a smooth point of Aid- Then the moment map condition shows 
that the critical points of / are exactly the fixed points of the circle action. These can be 
identified as follows (cf. [27, 28, 43]). 

Proposition 5.3. An Sp{2n,'R)-Higgs bundle {V,ip) represents a fixed point of the circle 
action on Aid if o-i^d only if it is a complex variation of Hodge structure ( also called a 
Hodge bundle^; this means that there is a decomposition in holomorphic subbundles 

for real indices, or weights, i such that, attributing weight —i to F* , (p = has weight 

one with respect to this decomposition; more explicitly this means that 

7: ^ F:._i (g)K and p: F* ^ F_i+^ ® K. 

The decomposition V — ^ Fi oi Proposition 5.3 gives rise to corresponding decomposi- 
tions 

(5.33) End{V)k= F^^F*, 

i-j=k 

(5.34) {SW K)k+i = Fi(^Fj®K® S^Ft±i K, 

i<j 

(5.35) {SW*^K)k+i^ F* ^F* ^K®S^F^k±i^K. 

-i-j=k+l 
i<j 

The map ad(</?) in the deformation complex (2.7) has weight 1 with respect to these 
decompositions, so that we can define complexes 

(5.36) C'kiV, if) : End(\/)fe (5V ®K® S^V* ® K)k+i, 
for any k. The deformation complex (2.7) decomposes accordingly as 

We shall also need the positive weight subcomplex 

(5.37) c'_{V,^) = ^Cl{V,^). 

k>0 

It can be shown (see, e.g., [20, §3.2]) that {C*{V, (p)) is the weight — /c-subspace of 
M^{C*{V, (f)) for the infinitesimal circle action. Thus E[^(C' (V, (^)) is the positive weight 
space for the infinitesimal circle action. 

Proposition 5.4. Let (V.ip) be a polystable Sp{2n,M.)-Higgs bundle whose isomorphism 

class is fixed under the circle action. 

(1) Assume that {V, (p) is simple and stable as an Sp(2n, C)-Higgs bundle. Then {V, (p) 
represents a local minimum of f if and only if 'M.^{C*_{V, ip)) = 0. 
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(2) Suppose that there is a family iVti^t) of polystable Sp(2n,M.)-Higgs bundles, para- 
metrized by t in the open unit disk D, deforming (V^, V') (i.e., such that (Vq, V'o) = 
( V, tp) ) and that the corresponding infinitesimal deformation is a non-zero element 
o/]H[^(C* (V, v?)). Then (V, is not a local minimum of f on M.^. 

Proof. (1) From Proposition 2.22, when the hypotheses are satisfied, iV^ip) represents a 
smooth point of the moduh space. Then one can use the moment map condition on / to 
show that EI^(C*(V, 9?)) is the eigenvalue —k subspace of the Hessian of / (cf. [20, §3.2]; 
this goes back to Prankel [18], at least). This proves (1). 

(2) Take a corresponding family of solutions to Hitchin's equations. One can then prove 
that the second variation of / along this family is negative in certain directions (see Hitchin 
[28, § 8]). □ 

5.2. A cohomological criterion for minima. The following result was proved in [2, 
Proposition 4.14^ and Remark 4.16]. It is the key to obtaining the characterization of the 
minima of the Hitchin functional /. 

Proposition 5.5. Let iV^ip) be a polystable Sp{2n,W)-Higgs bundle whose isomorphism 
class is fixed under the circle action. Then for any k we have x(CjJ(V, (p)) < and equality 
holds if and only if 

ad(<^) : End(y)fc ^ {S^V ®K® S^V* ® K)k^i 

is an isomorphism,. 

Corollary 5.6. Let {V, (p) be a simple Sp(2n, M^)-Higgs bundle which is stable as an Sp(2n, C)- 
Higgs bundle. If (V, (p) is fixed under the circle action then it represents a local minimum 
of f if and only if the map 

ad(^) : End{V)k ^ {S^V ®K® S^V* ® K)k+i 

is an isomorphism for all k > 0. 

Proof We have the vanishing H°(C^(V, ip)) = H2(C»(F, (p)) = for aU A; > from Propo- 
sition 2.21. Hence dimH^(C* (K, (/?)) = — x(C* (V, (^)). Now the result is immediate from 
Proposition 5.5 and (1) of Proposition 5.4. □ 

5.3. Minima of the Hitchin functional. In order to describe the minima, it is conve- 
nient to define the following subspaces of A^^. 

Definition 5.7. For each d, define the following subspace of M.d- 

J^d = {{V, /3, 7) e I /3 = or 7 = 0}. 

Remark 5.8. It is easy to see that polystability of {V, ip) implies that, in fact. 







\P 


= 0} 


for d> 0, 


Md = 




1 7 


= 0} 


for d <0, 


f^d = 


{(V^,A7) 


\/3 


= 7 = 0} 


for d = 0. 



Note, in particular, that for d = the vanishing of one of the sections /? or 7 implies the 
vanishing of the other one. 

corrected proof can be found in [5, Lemma 3.11] 
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Proposition 5.9. Let {V,ip) be a polystable Sp{2n,'R)-Higgs bundle with /? = or 7 = 0. 
Then {V, ip) represents the absolute minimum of f on Aid- Thus Ma is contained in the 
subspace of local minima of f on J\4d- 

Proof. This can be seen in a way similar to the proof of [2, Proposition 4.5]. □ 

Theorem 5.10. Let (V,/?, 7) be a polystable Sp{2n,M.)-Higgs bundle and assume that n > 
3. Then {V, j3, 7) represents a minimum of the Hitchin functional if and only if one of the 
following situations occurs: 

(1) (V,/9,7) belongs to Nd- 

(2) The degree d = —n{g — 1) with n = 2q + 1 odd, and there exists a square root L of 
K such that the bundle V is of the form 

y = L-ix-2\ 

\=-q 

With respect to this decomposition ofV and the corresponding decomposition ofV* , 
the maps j3 and 7 are of the form: 

/O ••• 1\ /o •• 







1 









0/ 



and 



7 













1 



1 



where, in the matrix for (5, we denote by 1 the canonical section of 

Hom((L-^ir-2^)*, L-^K""^) ®K^O 

and analogously for 7. 
(3) The degree d — —n{g — 1) with n — 2q + 2 even, and there exists a square root L of 
K such that the bundle V is of the form 



V 



\=-q 



2A 



With respect to this decomposition ofV and the corresponding decomposition ofV*, 
the maps /3 and 7 are of the form given above. 
(4) The degree d = n{g-l) and the dual Sp(2n, R)-Higgs bundle {V, f3', 7') = {V*, 7*, 
is of the form given in (2) or (3) above. 

Definition 5.11. If (V, /3, 7) is a minimum which does not belong to Md we say that it is 
a quiver type minimum. 

Remark 5.12. The cases n = 1 and n = 2 arc special and were treated in [27] and [26], 
respectively (cf. (1) of Corollary 6.5 and Remark 6.6). 

Proof of Theorem 5.10. This proof rehes on the results of Sections 6 and 7 below. 

Consider first the case of simple Sp(2n, M)-Higgs bundles (V, (p) which are stable as 
Sp(2n. C)-Higgs bundles. In this case, the analysis of the minima is based on Corollary 5.6 
and is carried out in Section 6 below. The main result is Theorem 6.7, which says that 
Theorem 5.10 holds for such (V, ^p). 
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Next, consider a polystable Sp(2n, M)-Higgs bundle {V, ip) which is not simple and stable 
as an Sp(2n, C)-Higgs bundle. Then the decomposition (V^, V') = ^iVi^Pi) given in the 
structure Theorem 3.40 is non-trivial. The main result of Section 7, Proposition 7.1, says 
that if such a (V, (p) is a local minimum then it belongs to Ad, i.e., = or 7 = 0. This 
concludes the proof. □ 

6. Minima in the smooth locus of the moduli space 

In this section we consider simple Sp(2n, R)-Higgs bundles (V, 0) which are stable as 
Sp(2n, C)-Higgs bundles. Thus, by Proposition 2.22, they belong to the smooth locus of 
the moduli space M.d- Theorem 6.7 below we prove that the statement of Theorem 5.10 
holds in this case. 

Our results are based on a careful analysis of the structure of Sp(2n, M)-Higgs bundles 
{y^ if) satisfying the criterion of Corollary 5.6. 

6.1. Hodge bundles. In this subsection we give a description of simple Sp(2n, M)-Higgs 
bundles which are complex variations of Hodge structure (cf. Proposition 5.3). Assume 
that the Sp(2n, M)-Higgs bundle iV^ip) = (V, /3, 7) is a Hodge bundle, so that there is a 
splitting V = .gjj Fi and 

(6.38) /3 e ® Fj ®K), je H\ i^* ® F* ® K), 

i+j=l -i-j=l 

as described in Proposition 5.3 (these tensor products should be interpreted as subbundles 
of S'^V (8) K and S'^V*K, so for example when i = j = | the summand Fj ®Fj®K is to be 
thought of as the symmetric product S'^Fi ® K). It is important to bear in mind that the 
indices i of the summands Fj are in general real numbers, not necessarily integers (in fact, 
we will deduce below from the condition that V is simple that Fj is zero unless i belongs 
to l + Z). 

The following definitions will be useful in the subsequent arguments. Let F be the group 
of maps from M to itself generated by the functions /, (7 : R — > IR given hy f{x) = 1 — x 
and g{x) = —1 — x. Let (9 C M be an orbit of the action of P. A parametrization of 
C is a surjective map r : Z — > O which satisfies r{2k + 1) = /(r(2/c)) and r{2k + 2) = 
g{r{2k + 1)) for each integer k. Since the maps /, g are involutions, any orbit of P admits 
a parametrization. We now have: 

Lemma 6.1. Let O (Z M. be any orbit of the action o/P. Then O belongs to one of the 
following sets of orbits: 

(1) Z, 

(2) I + 2Z, 

(3) -i + 2Z, 

(4) (a + 2Z) U ((1 — a) + 2Z), where Q < a < \ is a real number, 

(5) (— « + 2Z) U {{a — 1) + 2Z), where Q < a < \ is a real number. 

Furthermore, any parametrization r : Z ^ O is bijective unless O is either | + 2Z or 
-| + 2Z. 

Proof. If two real numbers x, ?/ G M satisfy x — y G 2Z then f{x) — f{y) G 2Z and 
g{x) —g{y) G 2Z, so the action of P on R descends to any action on M/2Z. Since f{g{x)) — 
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2 + X, for any r-orl)it O C M. and any x G O wc have x + 2Z C F. It follows that the 
quotient map M ]R/27rZ gives a bijection between F-orbits. Consequently, to classify the 
orbits of F acting on M is equivalent to classify the orbits on M/2Z. Such classification can 
be easily made by hand, so the first statement of the lemma follows. The second statement 
can also be checked directly in a straightforward way. □ 

Lemma 6.2. Assume that {V, (3, 7) is simple. Then there exists a unique F-orbit C C 
which is either | + 2Z or — | + 2Z, such that 

In other words, Fj — unless i & O. 

Proof. For any two reals i, j G M let Pij be the piece of (3 contained in H^{Fi ® Fj ® K), 
and define similarly e H^{F* ® F* ® K). It follows from (6.38) that both (3ij and 7^^ 
vanish unless i,j belong to the same F-orbit. We now prove that there is a unique F-orbit 
O such that Fj 7^ ^ i G 0. Suppose that this is not the case. Then there exists a 
F-orbit O such that both bundles 

V'^^F, and V'^^F, 

are nonzero. Clearly, V = V' ® V". Furthermore, by the previous observation, defining 

= P" = A„ 7' = la. 1" = 

i,jeo i,j^o i,jeo i,j^o 

we have (5 = {3' + {3" and 7 = 7' -|- 7". It follows that the automorphism of V defined as 
(7 = Idy/ — Idy// fixes both (3 and 7, so (V^, /5, 7) is not simple, contradicting our hypothesis. 
Now let O be the F-orbit satisfying V — 0jgo let r : Z — > C be a parametrization. 

Assume that O is not of the form | -|- 2Z nor of the form — | -|- 2Z. Then, by Lemma 6.1, 
the map r is a bijection. Define then 

^' = Fri,ik) , and V" = F,(2fe+i) . 

feez feez 

Then we have 

(3 e H'^iV ® V" (E)K), 7 6 H^iy'Y ® {v"y ® K). 

Hence, any automorphism of V of the form a = ^Idy +0~^ Idy, with 6 G C*, fixes both 
(3 and 7, contradicting the assumption that {V, (3, 7) is simple. It follows that O is equal 
either to | -|- 2Z or to — | -|- 2Z, so the lemma is proved. □ 

6.2. Simple minima with (3^0 and 7 7^ 0. Assume, as in the previous subsection, 
that {V, f3, 7) is simple and a Hodge bundle. Assume additionally that f3 ^ and 7 7^ 0. 

Denote as before by O C R the F-orbit satisfying V = ^-i- claim that there 

are at least two nonzero summands in the previous decomposition. Indeed, if there is a 
unique nonzero summand Fj, then (3^0 implies 2i = 1, whereas 7 7^ implies 2i — — 1. 
Since these assumptions are mutually contradictory, the claim follows. 

Now define M+ = sup{i | 7^ 0} and M_ = inf{i | Fi ^ 0}. We claim that \M+\ ^ 
|M_|. Indeed, by Lemma 6.2 we have either (9 = | + 2Z or (9 = — | + 2Z. Suppose we 
are in the first case. Then we can write M_|_ = | + 2A;, M_ = ^ -|- 2/ for some integers A;, I. 
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The equality |M_|_| = |M_| implies that M_|_ = M_, so we conclude that there is a unique 
nonzero Fj, contradicting our previous observation. The case O — —j + 2Z is completely 
analogous. 

In view of the preceding observation, we may distinguish two cases: either |M_|_| > |M_| 
or |M_|_| < |M_|. Henceforth we shall assume, for definiteness, that we are in the situation 
|M+| > |M_|. 

Remark 6.3. Recall from Proposition 3.36 that, for each d, there is an isomorphism A4a 
M.-d: given by the duality 7) h- > (T/*, 7*, Under this duality the two cases 

|M+| > |M_| and |M+| < |M_| get interchanged (in fact, as wc shall see, the former 
situation corresponds to c? < 0, whereas the latter corresponds to c? > 0). 

Let M — M+. We have M = p + | for some integer p. Define m — —p-\-\. We can 
write 

p 

(6.39) V = ^Fm-2X. 

A=0 

A priori, in this decomposition there might be some summands which are zero. Neverthe- 
less, we will se below that this is not the case. 

Theorem 6.4. Let (y.j3,^i) he simple and a Hodge bundle with jS ^ and 7 7^ 0. Assume 
additionally that |M+| > |M_| so that (V,/9, 7) is of the form (6.39). Then the map 

ad((/?) : End(y)fe ^ {S^V ®K® S'^V* ® K)k+i 

is an isomorphism for all k > if and only if the following holds: 

(i) For any < X < p the rank of Fm-2\ is 1 (in particular, it is nonzero ); 

(ii) for any < X < p — 1 the piece of (5 in 

Fm-2\ Fm+2\ 0K C S'^V K 

never vanishes; 

(iii) for any 1 < X < p — 1 the piece of 7 in 

Fm-2X ® K+2X-2 ®Kc S'V* K 

never vanishes. 

Analogous statements hold in the case |M+| < |M_| (cf. Remark 6.3). 

Proof. We already proved that the assumption (3^0 and 7 7^ implies that p > 1 (for 
otherwise in the decomposition (6.39) we would only have one summand). If we take the 
piece in degree k — 2p oi the map ad((/7), we get 

A := ad(^)2p : Fm F^ ^ S^Fm K, 

which by assumption is an isomorphism. Computing the ranks n = rk(Fj), we deduce 

rnirM + 1) 
rMTm = 2 ■ 

To prove that Vm = = 1, wc assume the contrary and show that this leads to a 
contradiction. If tm > 1 then by the formula above we must have < tm- Let b be the 
piece of (3 in Fm ® F^® K C {S'^V ® K)2p. Then the map A sends any e G Fm ® F^ to 

A{e) = eb + be*. 
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The first summand denotes the composition of maps 

Z?* ^ . TP , I? 

-f^M ^ -TM 

and the second summand 

Take a basis ui, . . . , Ur^ of Fm whose first Vm elements are a basis of b{F^), and take on 
FIj the dual basis. If we write the matrices of eb and be* with respect to these basis, one 
readily checks that the {tm — ^m) x ('"m ~ ^m) block in the bottom left of both matrices 
vanishes. Consequently, an element in S'^Fm represented by a symmetric matrix whose 
entry at the bottom left corner is nonzero cannot belong to the image of A. Hence A is 
not an isomorphism, in contradiction to our assumption, so we deduce that 

One also deduces that the section h e H^{Fm ® F^® K) never vanishes. This proves 
statements (i) and (ii) when A = or p. 

Observation. The following observation will be useful: if e e Fj (g) F* C End(y), then 
any nonzero piece of ad((/9)(e) in the decomposition (5.34) belongs to a summand of the 
form Fi ® Fu ® K, and any nonzero piece in (5.35) belongs to a summand of the form 
F* ® F* ®) K (in both cases the symmetrization should be understood if the two indices 
coincide). This follows from the fact that ad.{(p){e) is the sum of compositions of e with 
another map (cither on the right and on the left). Hence each summand in ad(</7)(e) must 
share with e at least the domain or the target. 

Now let us take any k — 2p — 2X > 1, such that A > 1, so that 1 < A < p — 1. Then we 
have 

(6.40) End(V^)2p-2A = ® F^^^^^ © Fm-2 ® i^^+2A-2 © " " " © ^m-2A ® F^^. 

Wc claim that there is no nonzero block in {S'^V* K)2p-2X+i of the form F*^^2X ®F*®K. 
Indeed, for that one should take v = — (2p — 2A + 1) — (m + 2A) = —M — 1, but F_m-i — 
0, because —M — 1 < m. On the other hand, {S'^V* ® i^)2p-2A+i contains the block 
Fm ® Fm-2\ ® K and no other block involving Fm- Hence we must have 

ad((^)fc(FM ® F*^^2^) cFm® Fm-2x ® K. 

Taking ranks and using the fact that ad(y?)fc is injective, we deduce that 

rm+2X < rM-2X- 

Since 1 < A < p — 1 «^=^ l<p — A<p — 1, we automatically deduce that 

'"m+2p-2A ^ ^M-2p+2A- 

But m + 2p = M, so we conclude that 

(6.41) rm+2X = rM-2A- 

Let us distinguish two possibilities. 

Case (1). Suppose that A = 2i + 1 is odd. Then we have 

'5'^r;+A^l (5V* (g) K)2p-2A+1, 

and the observation above implies that 

ad(<^)2;_2A('5'^4+A-l ®K)(1 Fm-X-1 ® iC+A-i- 
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never vanishes. 

Case (2). Suppose that A = 2ns even. Then we have 

®K(l {S'^V ® K)2p -2A+1) 



and the observation above imphes that 

The argument given above for A = proves now that the piece of (3 in 

Fm-x ® i^m+A ® K 

never vanishes. 

These arguments prove statements (ii) and (iii). 

We are now going to prove that for any 1 < A < p/2 the ranks rM-2X = ^m+2X = 1 using 
induction. Fix such a A and assume that for any < Z < A we have rM-21 — fm+21 — 1 
(when Z = we already know this is true). Since 2p — 2A > 1 we must have 

(6.42) rk End(y)2p-2A = rk(>SV ®K® S'^V* ® X)2p-2A+i- 

Using induction we can compute the left hand side: 

rkEnd(y)2p-2A = rMrm+2X + rM-2rm+2X-2 H h rM-2X+2rm+2 + rM-2Xf'm 

= rm+2X + rM-2X + (A - 1). 
We now distinguish again two cases. 

Case (1). Suppose that A = 2i + 1 is odd. Then we compute 



rk(5V)2p-2A+l 



^ M"^ M-2X + ^ M-2^ M-2X+2 + • • • + Tm-X+I^ M-X-l 
fM-2X + I 



and 



rk(5V*)2p-2A+l 



T rnf m+2X~2 + ^ m+2A-4 + • • • + r^+A-S^ m+A+1 





and 



rk(5'^y*)2p-2A+l — '''m''TO+2A-2 + ?'m+2?'m+2A-4 + 1" '^m+A-2'^m+A 
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Comparing again the two computations we deduce that 

rm+2\ = fM-2\ = 1- 

This finishes the proof of statement (i) and thus the proof of the Theorem in the case 
|M+| > |M_|. 

Finally, in the case |M+| < |M_| the analysis is completely analogous. □ 

Corollary 6.5. Let (V, 13, 7) he simple and a Hodge bundle with P ^ and 7 7^ 0. Assume 
additionally that |M_|_| > |M„| so that (V,/9,7) is of the form (6.39). Assume that the map 

ad(v9) : End(l^)fc ^ (^V ®K® S^V* ® K)k+i 

is an isomorphism for all k > 0. Then the following holds. 

(1) //n = 2 then Fs (g) F_ 1 (g) X ~ O. 

^ ' 22 

(2) Ifn — 2q + l>3is odd then (5: Ft ^ Fi.^x^ fof any integer —q<X<q. In 

2 2 

particular, there exists a square root L of K such that for any integer —q<X<q 
we have 

and the bundle V is of the form 

\=-q 

(3) Ifn = 2q + 2 > 4 then-f. F_i ^ li^ andp: F\_^^ ^ F_i^^^K for any integer 
— 5 < A < g + 1 . In particular, there exists a square root L of K such that for any 
integer —q<\<q + l we have 

i^_i+2A - ^ <^ ^"^^ - i^M-2(g+l-A) - Fm+2(A+q), 

and the bundle V is of the form 

9+1 

\=-q 

(4) For any n>2, the degree ofV is degV = n(l — g). 

(5) For any n>2, an Sp{2n,M.)-Higgs bundle of the form described in (l)-(3) above is 
stable as an SL(2n, C)-IIiggs bundle, and thus also as an Sp(2n, C)-IIiggs bundle. 

Analogous statements hold in the case \M^\ < |M_|. In particular, in this case the degree 
ofV is degV = n{g — 1) (cf. Remark 6.3). 

Remark 6.6. In the case n = 1 it is not possible for (V, (p) to be a Hodge bundle with (3^0 
and 7 7^ 0. 

Proof of Corollary 6.5. First we observe that, since the Fj are all line bundles, we have 
n = p + l, M = p+ ^ and m = —p + |. 

(1) In this case we have n = 2, p = 1, M = 3/2, m = —1/2. Then, taking A = in (ii) 

of Theorem 6.4 we get Fa (g) F_i ® K c^O. 

2 2 
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(2) In this case we have n=p+l = 2q + lso that M = 2q + 1/2 and m — —2q + 1/2. 
Hence, using (ii) and (iii) of Theorem 6.4, we can describe the structure of the maps (3 and 
7 in the following diagram: 




where an arrow * j means that there is an isomorphism 13: F* Fj K (and 

thus j = — i + 1); similarly, an arrow * ^ j means that there is an isomorphism 

7 : Fj ^ F* K. In particular, we see that the isomorphism j3: Fl ^ Fi ® K means 

J 2 2 

that Fi ~ for a square root L of K. This proves the case A = of (2). Now repeated 
application of (ii) and (iii) of Theorem 6.4 proves the general case. Note that this argument 
can be phrased as saying that the graph above is connected and its only closed loop is the 
one at 1/2: thus the remaining Fi are uniquely determined by Fi. 

(3) In this case we have n — p-\-l — 2q-\-2so that M — 2q-\- 3/2 and m — —2q — 1/2 
and, as above, we have a diagram 



/9 




The argument is now analogous to the previous case. 

(4) Easy from the formulas for V given in (2) and (3). 

(5) Let (y, </?) be of the kind described in (l)-(3), and consider the associated SL(2n, C)- 
Higgs bundle {y®V*,^) = H(V, ip). The ^-invariant subbundles ofV(BV* are of the form 
®i>iS^i ® From the given description, it is easy to check that such a subbundle, 
when proper and non-zero, has degree strictly negative. 

Finally, in the case |M_|_| < |M_| the analysis is completely analogous. □ 

6.3. Simple minima: final characterization. Finally, we use the analysis carried out 
so far to determine the minima of the Hitchin functional on the locus of the moduli space 
corresponding to simple Sp(2n, M)-Higgs bundles which are stable as Sp(2n, C)-Higgs bun- 
dles. 

Theorem 6.7. Let (V,/?, 7) be a simple Sp{2n,M.)-Higgs bundle which is stable as an 
S]){2n,C)-Higgs bundle. 
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(1) If \d\ < n{g — 1) then (V,/?, 7) represents a minimum of the Hitchin functional if 
and only if it belongs to Md- 

(2) // \d\ = n{g — 1) and n > 3 then {V,(3,'j) represents a minimum of the Hitchin 
functional if and only if one of the following situations occurs: 

(i) the Sp{2n,M.)-Higgs bundle {V,(3,^) belongs to Ha; 

(ii) the Sp(2n,'R)-Higgs bundle (y, /3, 7) is of the type described in (2) or (3) of 
Corollary 6.5. 

(iii) the dual Sp{2n,M.)-Higgs bundle (V*,7*,/3*) is of the type described in (2) or 
(3) of Corollary 6.5 (cf Remark 6.3). 

In cases (ii) and (iii) we say that (y, /3, 7) is a quiver type minimum. 

Proof. If (y, /3,7) belongs to Md then we know from Proposition 5.9 that it represents a 
minimum. And, if (V,/5,7) (or the dual (^*,7*,/3*)) is of the type described in (2) or (3) 
of Corollary 6.5, then Corollary 5.6 and Theorem 6.4 show that it represents a minimum. 

On the other hand, if (V, j3, 7) is a minimum which does not belong to Md- then Corol- 
lary 5.6, Theorem 6.4 and Corollary 6.5 show that it (or the dual (\^*, 7*, is of the 
type described in (2) or (3) of Corollary 6.5. □ 

7. Minima on the entire moduli space 

7.1. Main result and strategy of proof. In Section 6 we characterized the minima 
of the Hitchin functional on the locus of J^d corresponding to simple Sp(2n, M)-Higgs 
bundles (V, (p) which are stable as Sp(2n, C)-Higgs bundles. In this section we provide the 
remaining results required to extend this characterization to the whole moduli space, thus 
completing the proof of Theorem 5.10. As explained in the proof of that Theorem, what is 
required is to rule out certain type of potential minima of the Hitchin functional. In each 
case this is done by using (2) of Proposition 5.4. The main result of this Section is the 
following. 

Proposition 7.1. Let (V, = /9 + 7) be a polystable Sp{2n,'M.)-Higgs bundle and assume 
that the decomposition {V, ip) = {Vi, ipi) © • • • © (Vfc, ipk) of Theorem 3.4O is non-trivial. If 
(V, (f) is a local minimum of the Hitchin functional then either P — or ^ — 0. 

Proof. The starting point is the structure Theorem 3.40. Recall that this describes a 
polystable Sp(2n, M)-Higgs bundle as a direct sum 

(7.43) (v,cp) = ^{V,,^,), 

where each Sp(2n, ]R)-Higgs bundle {Vi, ipi) comes from a Gj-Higgs bundle which is a smooth 
point in its respective moduli space. If {V, (p) is a minimum, then Proposition 5.2 implies 
that each (V^, ipi) is a minimum on the corresponding moduli space of G^-Higgs bundles. 
Consider each of the possible Gj's in turn. 

The case Gi — Sp(2ni,]R). This is the case covered by Theorem 6.7. (Except for the 
case rii — 2, which will require special attention.) 

The case Gi — U(nj). In this case (pi — for any Gj-Higgs bundle, as we have already 
seen. 

The case Gi = U{pi,qi). In this case, the minima of the Hitchin functional were deter- 
mined in [2]. There it is shown that a U(pi, gj)-Higgs bundle {Vi, Wi, (3 + j) is a minimum 
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if and only if ^9 = or 7 = 0. Hence {Vi,ipi) = v^^'''''\Vi,Wi, ^ + 7) (cf. (3.18)) is a 
minimum if and only if /^j = or 7j = 

The case Gi = GL(nj,M). The moduli space of such Higgs bundles was studied in [3]. 
Using the results of that paper we show in Lemma 7.8 below that a Sp(2nj, R)-Higgs bundle 
{Vi, (fi) coming from a GL(nj, M)-Higgs bundle is a minimum if and only if = 0. 

A quiver type minimum {V, tp) is simple and stable as a Sp(2n, C)-Higgs bundle by (5) 
of Corollary 6.5. Thus, to conclude the proof of the Proposition, it remains to show that 
if (y, </?) is a minimum and the decomposition (7.43) is non-trivial, then it belongs to Ma, 
i.e., /5 = or 7 = 0. By the above analysis of the minima coming from Gj-Higgs bundles, 
it therefore suffices to show that (V, ip) is not a minimum when the decomposition (7.43) 
falls in one of the following cases: 

(1) There is a (V^, (pi) in Ad, with A 7^ and a {Vj, ipj) in with 7^- 7^ 0. 

(2) There is a (V^, </7j) which is a quiver type minimum and a [Vj^ipj) which lies in A^.. 

(3) There are (distinct) (T^, </7j) and (T^-, ipj) which are quiver type minima. 

In order to accommodate the possibility = 2, the quiver type minima must here be 
understood to include all minima with /3 7^ and 7 7^ (cf. (1) of Corollary 6.5). The 
case nj = 1 is included since such minima must have /3 = or 7 = (cf. Remark 6.6). 

Note that, by Proposition 5.2, in fact it suffices to consider the case when A; = 2 in (7.43). 
With this in mind, the results of Lemmas 7.2, 7.4 and 7.6 below conclude the proof. □ 

7.2. Deforming a sum of minima in Md- 

Lemma 7.2. Let {V^ip) he a polystable Sp{2n,M.) -Higgs bundle which decomposes as a 
direct sum {V,(p) = {V',<p') © {V",'p") with ip' = (/?', 7') and ip" = {I3\i'). Suppose 
that p' = 0, 7' ^ 0, f3" 7^ and 7" = 0. Suppose additionally that {V',^') and {V",<p") 
are stable Sp{2n,'R)-Higgs bundles or stable U{p,q)-Higgs bundles. Then {V,ip) is not a 
minimum of f on M.d- 

Proof. We prove the Lemma by applying the criterion in (2) of Proposition 5.4. As a first 
step, we identify the complex C*_ defined in (5.37), and for that we need to know the 
weights of each piece V\ V" . Recall that the weight of (^', ip" is always 1. 

(1) Since 7': V ^ V'*K, the weight on V* is 1 + A' = —A', where A' is the weight on 
v. Thus A' = -1/2. 

(2) Similarly, the weight on V" is A" = 1/2. 

From this it follows immediately that the complex C* is given by 

C: : Hom(l^', V") 0, 

so that 

m\C'_) = H\}iom{V',V")). 
Recall from Remark 5.8 that d' — deg(y) > and d" < so, by Riemann-Roch, 

H\Rom{V' ,V'')) 7^ 0. 

This proves that C* has nonzero first hypercohomology. To finish the argument we need to 
integrate any element of EI^(Cl) to a deformation of (V, (p) through polystable Sp(2n, R)- 
Higgs bundles. 
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Chose any^ uouzcro clement a G H^{B.om{V' ,V")). Denote by D the open unit disk. 
Define W = D x V and Y" = D x V", which we view as vector bundles over X x D. We 
denote by 7^) : V — >■ V* ® K (here K denotes the puUback to X x D) the extension of 7' 
which is constant on the D direction, and we define similarly : V"* —>■ Y" K. Take 
the extension 

^ V" ^ V ^ v ^ 

classified by 

a^le i7^(Hom(V',V")) = H\X;liom{V' ,V")) ® H%D;C). 
The restriction of this to X x {t} is the extension 
(7.44) O^V" ^Vt^V ^0 

classified by ta e H^{E.om{V', V")). Define 7£) : V ^ V* as the composition 

V — ,Y' ^V* ^ K ^Y* ^ K, 

where the first arrow comes from the exact sequence defining V and the third one comes 
from dualizing the same exact sequence and tensoring by the puUback of K. Similarly, 
define /3d : V* ^ V (8) -f^ as the composition 

V* — , V"* J^Y" ^Y^K. 

The resulting triple {Y,Pd,1d) is a family of symplectic Higgs bundles parameterized by 
the disk, whose restriction to the origin coincides with [V,ip), and which integrates the 
element a in the deformation complex. 

It remains to show that each member of the family (V, Pd, jd) is a polystable Sp(2n, M)- 
Higgs bundle. This is done in Lemma 7.3 below. We have thus proved that (V, 9?) is not 
a local minimum. □ 

Lemma 7.3. The Sp(2n, 'R)-Higgs bundle {Vt, ipt = Pt + It) on X, obtained by restricting 
to X X {t} the family (V, I3d,^d) constructed in the proof of Lemma 7.2, is polystable. 

Proof. It will be convenient to use the stability condition for Sp(2n, M)-Higgs bundles as 
given in Lemma 3.27. Thus, if {Vt, ^pt) is not stable, there are subbundles A C Vt and 
B C Vt* such that 7t(A) C S (g) X and /3t(5) cA^K, and with deg{A © 5) = 0. Since 
X is a Riemann surface, the kernel of the restriction to A of the sheaf map Vt V" is 
locally free and corresponds to a subbundle A' C A. The quotient A" := A/ A' then gives a 
subbundle A" C V" so that we have a commutative diagram with exact rows and columns: 





(7.45) > A" > A > A' > 

> V" > Vt > V > 0. 

^whcn one of (V , ip') and (V", ip") is a U(p, g)-Higgs bundle, this choice is not completely arbitrary, cf. 
the proof of Lemma 7.3 below. 
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Similarly, we obtain subbundles B" C V"* and B' C V* and a diagram: 





(7.46) 



<- 



B' 



B <- 



B" 



^ 



V 



V 



II* 



0. 



One easily checks that B'''^ C A' and B"''^ C A" . By definition of 7*, the diagram 







<- 



V 

1' 
V'* 



t 
■ 

Vt ^ 



V" 



V" 







0. 



commutes. Thus, since 7t(A) G B ® K, we have that 'y'{A') C B' ® K. Similarly, 
13" {B") C A"®K. It follows that the pair of subbundles A' C V and B' C V* destabilizes 
{V',if') and that the pair of subbundles A' C V" and B" C V"* destabilizes {V\if"). 

Consider now the case in which both ( V, 9?') and (y'\ip") are stable Sp(2n, M)-Higgs 
bundles. Then we must have A' ®B' ® V* or A' © = and similarly for A" © B" . 
The only case in which the original destabilizing subbundle A®B (ZVt®V^ is non-trivial 
is when A'®B' = V ®V'* and A"®B" = (or vice- versa). But, in this case, ~ A' ~ A 
and hence (7.45) shows that the non-trivial extension (7.44) splits, which is a contradiction. 
Hence there is no non-trivial destabilizing pair of subbundles of (Vt, ipt), which is therefore 
stable. 

It remains to deal with case in which one, or both, of {V, </?') and {V", cp") are stable 
U(p, g)-Higgs bundles. The remaining cases being similar, for definiteness we consider 
the case in which {V'.Lp") is a stable Sp(2n", M)-Higgs bundle and {V',ip') is a stable 
U(n'i, n2)-Higgs bundle, i.e., 

V' = V; © V^, = 7' e H^{Vl (g) K) . 

In addition to the cases considered above, we now also need to consider the case when 
A' © B' is non-trivial, say A' ® B' = V( © V^*. There are now two possibilities for A" © B": 
either it is zero or it equals V" © V"*; we leave the first (simpler) case to the reader and 
consider the second one. In this case, the element 

a = ai + a2 e H\Rom(V', V") = H\Rom(Vl, V")) © H\Rom(V^, V")) 

chosen in the proof of Lemma 7.2 above must be taken such that both oi and 02 are 
non-zero (this is possible by Riemann-Roch) . Thus, for z = 1,2 we have a commutative 
diagram 

> V" > K > V' > 



V" 



Vt 



VI © V^ 
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of non-trivial extensions, where the two vertical maps on the right are inclusions. This, 
together with (7.46) for B' — V2* and B" — V"* , gives rise to the commutative diagram 

> Vi* > B > V"* > 

> vi* © vi* > v; > V"* > 

> Vi* > v^i ^ V"* > 0. 

The composites of the vertical maps on the left and on the right are isomorphisms. Hence 
the composite of the middle vertical maps is also an isomorphism and this provides a 
splitting of the extension 

^ V[* V* 0. 
Denote the splitting maps in the dual split extension by 

i:Vl^Vt and p:Vt^Vt,. 

We now have a diagram 

> V" > Vt, > Vi > 

> V" > Vt > Vi®Vi > 

p 

, V" > Vt, > Vi > 0, 

where the vertical maps on the right are the natural inclusion and projection, respectively. 
Using the existence of the splitting map i: V( ^ Vt and the inclusion Vp^ Vt one readily 
sees that this diagram commutes. This finally gives us the commutative diagram 

> > Vt/Vt, Vi > 

, V" > Vt, > Vi > 0, 

which shows that the sequence at the bottom is spht, a contradiction. □ 

7.3. Deforming a sum of a quiver type minimum and a minimum in A/^. 

Lemma 7.4. Let (V^, V') be a polystable Sp{2n,M.)-Higgs bundle which decomposes as a 
direct sum (V, (p) = {V, (p') © {V", (p") with ip' = 7') and (p" = {P", 7"). Suppose that 

(1) {V, if') is a quiver type minimum, 

(2) (y, if") is a minimum with j3" = or 7" = which is a stable G" -Higgs bundle 
forG" one of the following groups: Sp(2n",M), U(p",g"), U(n") or GL(n",R). 

Then (V, (^) is not a minimum of f on M.^- 

Proof. Consider for definiteness the case in which {V' , ip') is a quiver type minimum with 
deg{V') = n'(l - g) and {V", has 7" = and (3" ^ 0. The case in which p" = and 
7" 7^ can be treated along the same lines as the present case, so we will not give the 
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details. The case in which {V', (p') is a quiver type minimum with deg(y) = n'{g — 1) is 
obtained by symmetry. Note that some degenerate cases can occur, namely: 

(1) {V, ip') is a quiver type minimum with rk{y') — 2 (cf. (1) of Corollary 6.5). 

(2) [v", (^") has (5" = y = 0. 

With respect to Case (1), all we need for the arguments below is that /3: F| ^ F_i®K \s 

2 2 

an isomorphism, which is guaranteed by (1) of Corollary 6.5. In what concerns Case (2), 
slight modifications are required in the arguments given below; we leave these to the reader. 

With these introductory remarks out of the way, Corollary 6.5 tells us that V decom- 
poses as a direct sum of line bundles V = © • • • © Fm and that restricting (3' we get 
an isomorphism 

13' -.F*^^ Fm ® K. 

Our first task is to identify nonzero elements in the first hypercohomology of C*_. A good 
place to look for them is in the hypercohomology of the piece of highest weight in the 
deformation complex, which is 

(7.47) V"* ®Fm® V" ® ^ V" ®Fm®K. 

This morphism cannot be an isomorphism, because the ranks do not match. Thus Propo- 
sition 5.5 implies that of this complex is non- vanishing. 

In the hypercohomology long exact sequence (cf. (2.8)) of the complex (7.47), the map 

H\V"* ®Fm® V" ® F:^) = H\V"* ® Fm) © H\V" ® F*,) H\V" ® Fm ® K) 

is always onto because the map / : H^(y" ® F^) H^{V" ® Fm ® K) is induced by 
tensoring j3' : F^ Fm ® K (which is an isomorphism) with the identity map V" — > V" , 
so / is also an isomorphism. Hence the image of H'^iV" ® Fm ® K) ^ 'El- is zero, and 
this by exactness implies that H-^ H^iV"* ® Fm © V" ® F*^ is injectivc. We now want 
to characterize the image of this inclusion. Tensoring the Higgs fields j3" and with the 
identity on Fm and V" respectively, we get maps 

13" : V"* ®Fm^ V" ®Fm®K, 

and 

/?': V" ®f;;^^v" ®Fm®k. 

Now the map ( in the long exact sequence 

^ H\V"* ® Fm © V" ® F^) ^ H\V" ®FM®K)^m^ 

can be interpreted as follows: given elements {6, e) G H^{V"* ® Fm) ® H^{V" ® F^), 

C(5, e) = -(3"{5) - /3'{e) e H\V" ® Fm ® K). 

Hence we may take a nonzero pair {S,r]) satisfying f3"{S) + /9'(e) = and corresponding to 
a nonzero element in the hypercohomology of the complex (7.47). We next prove that the 
deformation along {S,r)) is unobstructed, by giving an explicit construction of a family of 
Higgs bundles {Vt, Pt: It) parameterized by i e C and restricting to (V' © V" , </?' -|- </?") at 
t = 0. 

Pick Dolbeault representatives as G n'^'\V"* ® Fm) and e fl^''^{F^ ® V") of S and e. 
We are going to construct a pair {Wtji^t) satisfying the following. 



HIGGS BUNDLES AND SURFACE GROUP REPRESENTATIONS 49 

• There is a C°° isomorphism of vector bundles Wt ~ Fm ® V" ® with respect to 
which the d operator of Wt can be written as 

dwt — dv" ta^ = do + tai + t'^a2, 
V Of^ J 

where 7 e fl^'^{F^ ® Fm) will be specified later, 

• ft is a holomorphic section of H^{S^Wt ® K) of the form 

iyt = f3' + (3" + tiy,. 
Now the condition Bwt^t = translates into 

do{/3' + /3")=0, 

a,ui + a2{f3' + 13") =0. 
The first equation is automatically satisfied. As for the second equation note that 

aiiP' + P") = f3"ias) + /3'(a,) e n''\V" ®5 Fm). 

Since by hypothesis the Dolbcault cohomology class represented by f3"{as) + j3'{a^) is equal 
to zero, we may chose a value of e fl^'^{V" (8)5 Fm) solving the second equation. It 
remains to consider the third equation. Note that a2/3" = and that a2(3' = 7(/3') £ 
^^'^{Fm ® Fm)- Since P' is an isomorphism, for any 77 e (8) F^) there exist some 7 

such that 7(/9') = rj. Taking 77 = — Oii^i, we obtain a value of 7 solving the third equation 
above. 

It follows from the construction that there are short exact sequences of holomorphic 
bundles 

O^FM^Wt^Zt^O, O^V" ^Zt^F^^O. 

Duahzing both sequences we have inclusions — > Z^ and Z^ — > which can be 
composed to get an inclusion 

(7.48) f; ^ w:. 

Now let 



Vt^Wt® Fx. 



m<\<M 

To finish the construction of the family of Higgs bundles we have to define holomorphic 
maps 

(3t : V; ^Vt®K, it-Vt^ V: ® K 

defining sections in H^{S^Vt®K) and H^{S'^Vf*®K) respectively. The following conditions 
are in fact satisfied by a unique choice of maps {(3t,'yt)'- 

• the restriction of f3t to Wt is equal to Ut, 

• the restriction of Pt to ©^<a<m Fx is equal to 

• the restriction of 7t to Wt is equal to 0, 

• the restriction of 7t to Fm C \4 is 0, 

• the restriction of 7^ to Fm-2 C Vt is the composition of 7' : Fm-2 F^ K with 
the inclusion (7.48) tensored by the identity on K, 

• the restriction of 7t to 0m<A<Af-2 Fx is equal to 7'. 

The proof of the lemma is completed by using Lemma 7.5. □ 
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Lemma 7.5. The Sp{2n,M.)-Higgs bundle {Vt,(pt), obtained by restricting the family con- 
structed in the proof of Lemma 7.4 to X x {t}, is polystable. 

Proof. Analogous to the proof of Lemma 7.3. □ 
7.4. Deforming a sum of two quiver type minima. 

Lemma 7.6. Let {V,ip) be a polystable Sp{2n,M.)-Higgs bundle which decomposes as a 
direct sum {V,(p) = {V',(p') © iV",(p") with ip' = (/?',7') and ip" = Suppose that 

both [V^ip') and {V'^ip") are quiver type minima. Then iV^ip) is not a minimum of f on 
Ma. 

Proof. Suppose we have two minima which are quiver pairs (minimal degree) 

V' = F'^,®---®F'^, = @F'^ and l^" = © • • • © = F;. 

All morphisms /?", 7', 7" are isomorphisms. We want to deform V' © V" . 

The same ideas as before tell us (looking at the negative deformation complex) that we 
should look at the piece of the exact sequence of maximal weight, which is 

C* : i^, ® Flin ® F'J^,, ® F'j^, ^ F'j^, ® K. 

Define := 

" ® ^M"- The restriction of the jS" to Vq defines an isomorphism 

so we can apply exactly the same construction as before, replacing V" by Vq , and obtain 
a deformation Wt5,te of the bundle 

A very important point, however, is that now the extension classes of the bundles Ws and 
We are more restricted, since they belong respectively to the groups H^{F"*„ F'j^,) and 
H^{F^, (g) F'Ijii). In particular, to define Wte the line bundle F^/ only merges with FjJ^,,, 
and not with F^//. This implies that there is a map 

(7.49) ^ 

which deforms the projection Vq — > F^„. 

We leave all the remaining F( and F^' untouched. There are only two maps which have 
to be deformed (apart from the /3's which are internal in Ws^^)- These are 

7' : F;, ^ F^,_2 ® K and 7" : K" ^ ^m"-2 ® K. 

The first one can be deformed to a map 

7^,, : W,s,te ^ F'*,_^ ® K 

exactly as in the previous section. As for 7", we combine the projection Wts^te Wte with 
the map in (7.49) and with 7" to obtain the desired deformation 

Lemma 7.7 below completes the proof. □ 

Lemma 7.7. The Sp{2n,M.)-Higgs bundle {Vt,(pt), obtained by restricting the family con- 
structed in the proof of Lemma 7.6 to X x {t}, is polystable. 

Proof. Analogous to the proof of Lemma 7.3. □ 
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7.5. GL{n, ]R)-Higgs bundles. In this section, we will assume that 

-Higgs bundle {{W,Q),ij). Recall 



is an Sp(2n, M)-Higgs bundle associated to a GL(n, 
that d — deg(y) = in this case. 

Lemma 7.8. Let {V,ip) be the Sp{2n,'E.)-Higgs bundle associated to a GL(n, I 
bundle {{W,Q),ip) as in (3.30). If {V,(p) is a minimum of f on Mo then (p — 0. 



-Higgs 



Proof. In [3] it is shown that there are two types of minima on the moduli space GL(n, K.)- 
Higgs bundles ((14^, Q),ip). The first type has i/j ~ 0. The second type corresponds to the 
minimum on the Hitchin-Teichmiiller component and has non- vanishing Higgs field. They 
are of the form: 

for line bundles Fj, indexed by integers for n = 2m + 1 odd and half-integers for n = 2m + 1 
even. More precisely, ~ so that, in particular, Fj ~ F*-. With respect to this 
decomposition of W, 

/o 



Q 



















and 



0/ 



/o 
1 







1 












We shall apply the criterion in (2) of Proposition 5.4 to show that vf^^^''^\(W,Q),'ijj) is 
not a minimum of the Hitchin functional for such {{W, Q),i/j). 

Recall that V = W, (3 = ipf~^ and 7 = fip, where f : V V* is the symmetric 
isomorphism associated to Q. Hence the components of f3 and 7 are the canonical sections 

p: F* ^ F_i+i ®K and 7: ^ ^-i-i K. 

Since (p has weight one, the weight of Fj is i (cf. Proposition 5.3). It follows that the 
highest weight piece of the complex C* defined in (5.37) is 



C*„: Hom(F_„,Fj^O. 



Hence 



(C'J = //^(Hom(F_^,Fj) = H\K-^^), 

which is non- vanishing. Take a non-zero a G H^{Y{om.[F^rm Fm))- Let D be the open unit 
disk and let Fj be the pull-back of Fj to X x D. Let 

(7.50) ^ ^ W„ ^ ^ 

be the extension with class 

a ® 1 e i/^(Hom(F_^, F^)) ~ H\X- Hom(F_^, F^)) ® H\D- C). 

Then = © 0j<m ^ family deforming V which is tangent to a at i = e £). 
To obtain the required deformation of (V, ip) it thus remains to define the Higgs field 
(pu G H^{S'^Na ® K) deforming p. The only pieces of ip which do not automatically 
lift are the ones involving F_^ and F^, i.e., /3 G i7°(Hom(F*^_,_]^, F^) ® K) and 7 G 
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i7°(Hom(F_^, J (S> K). In order to lift /3, clearly we should define to be the 
composition 

where the last map is induced from the injection in (7.50). A similar construction gives 
the lift 7/) of 7. Wc have thus constructed a family {Ya, Pd,1d) which is tangent to 
a e H^{C2^{V, ip)) ioY t = & D. Hence Lemma 7.9 below completes the proof. □ 

Lemma 7.9. The Sp{2n,M.)-Higgs bundle (Vt-ift), obtained by restricting {Ya, Pd,^d) 
constructed in the proof of Lemma 7.8 above to X x {t}, is polystable. 

Proof. Analogous to the proof of Lemma 7.3. □ 



8. Counting components: main results 

8.1. Connected components of ^Ad for d = and \d\ = n{g — l). With the description 

of the minima of the Hitchin functional given in Theorem 5.10 at our disposal we are now 
in a position to complete the count of connected components of the moduli space in the 
situation oi d — and \d\ = n{g — 1). 

Proposition 8.1. The quiver type minima belong to a Hitchin-Teichmiiller component of 
the moduli space. In particular, they are stable and simple and correspond to smooth points 
of the moduli space. 

Proof. This is immediate from the description of the Sp(2n, ]R)-Higgs bundles of the Hitchin- 
Teichmiiller component given in [28]. □ 

Proposition 8.2. Assume that d = —n{g — 1) and let (V,/?, 7) be a quiver type minimum 
for the Hitchin functional. Let Lq be a fixed square root of the canonical bundle, giving 
rise to the Cayley correspondence isomorphism M._n(g-i) ~^ ■M.' of Theorem Jj..Jj., via 
V ® Lq. Then the following holds. 

(1) The second Stiefel-Whitney class W2{W) e H^{X,Z2) vanishes. 

(2) If n is odd, the first Stiefel-Whitney class wi{W) corresponds to the two-torsion 
point L~^Lq in the Jacobian of X under the standard identification J2 — H^{X, Z2). 

(3) Ifn is even, the first Stiefel-Whitney class Wi{W) e Z2) vanishes. 

Proof. Easy (similar to the arguments given in [28] for G = SL(n, M)). □ 

Theorem 8.3. Let X be a compact Riemann surface of genus g. Let Aid be the moduli 
space of polystable S]){2n,M.)-Higgs bundles of degree d. Let n > 3. Then 

(1) Aio is non-empty and connected; 

(2) M.±n{g-i) has 3.2^^ non-empty connected components. 

Proof. (1) When d — 0, we have from Theorem 5.10 that the subspace of minima of the 
Hitchin functional on Aio is Aq. It is immediate from Theorem 3.24 that Ao is isomorphic 
to the moduli space of poly-stable vector bundles of degree zero. This moduli space is well 
known to be non-empty and connected and hence A^o is non-empty and connected. 
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(2) For definiteness assume that d — —n{g — 1). The decomposition (4.31) given by the 
Cayley correspondence gives a decomposition 

(8.51) M-n{g-l) = U A^«,i,«;2, 

where Aiwi,w2 corresponds to M'yj^^yj^ under the Cayley correspondence. 

For each possible value of {wi^W2)^ there may be one or more corresponding Hitchin- 
Teichmiiller components contained in J^wi,w2 (cf- Proposition 8.2); denote by M.wi,w2 
the complement to these. Since minima in M-n{g-i) (i-e. with 7 = 0) clearly do not 
belong to Hitchin-Teichmiiller components, we see that the subspace of minima of M.wi,w2 
consists of those {V, (3, 7) which have 7 = 0. Thus, under the Cayley correspondence, 
this subspace of minima is identified with the moduli space of poly-stable 0(n, C)-bundles 
with the given Stiefel- Whitney classes (tui, u'2)- The moduli space of principal bundles for 
a connected group and fixed topological type is known to be connected by Ramanathan 
[37, Proposition 4.2]. However, since 0(n, C) is not connected the result of Ramanathan 
cannot be applied directly. But, all that is required for his argument is that scmistability 
is an open condition and thus, in fact the moduli space in question is connected (cf. [36]). 
It follows that the subspace of minima on M.wi,w2 is connected and, hence, this space itself 
is connected by Proposition 5.1. Additionally, each M.wi,w2 is non-empty (see, e.g., [36]). 
Therefore, there is one connected component M.wi,w2 ^^^h of the 2^^'+^ possible values 
of (^1,^2)- Adding to this the 2^^ Hitchin-Teicmiiller components gives a total of 3.2^^ 
connected components, as stated. 

This accounts for all the connected components of Ai-n{g-i) since there are no other 
minima of the Hitchin functional. □ 

8.2. Representations and Sp(2n, ]R)-Higgs bundles. Let TZ :— 7?.(Sp(2n, M)) be the 
moduli space of reductive representations of 7ri(X) in Sp(2n, M). Since U(n) C Sp(2n, M) 
is a maximal compact subgroup, we have 

7ri(Sp(2n,M)) ~ 7ri(U(n)) ~ Z, 

and the topological invariant attached to a representation p G 7^ is hence an element 
d = d{p) e Z. This integer is called the Toledo invariant and coincides with the first 
Chern class of a reduction to a U(n)-bundle of the flat Sp(2n, E)-bundle associated to p. 

Fixing the invariant d e Z we consider, as in (2.5), 

TZd := {p G 7^ such that d{p) = d}. 

Proposition 8.4. The transformation p ^ (p*)~^ ^ induces an isomorphism of the 
moduli spaces 71^ and TZ-d- 

As shown in Turaev [46] (cf . also Domic-Toledo [14] , the Toledo invariant d of a repre- 
sentation satisfies the Milnor-Wood type inequality 

(8.52) \d\<n{g-l). 
As a consequence we have the following. 

Proposition 8.5. The moduli space TZd is empty unless 

\d\<n{g-l). 
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As a special case of Theorem 2.11 we have the following. 
Proposition 8.6. The moduli spaces TZa and M.d are homeomorphic. 

From Proposition 8.6 and Theorem 8.3 we have the main result of this paper regarding 
the connectedness properties of TZ given by the following. 

Theorem 8.7. Let X be a compact oriented surface of genus g. Let TZd he the moduli 
space of reductive representations of -ni{X) in Sp(2n, M). Let n > 3. Then 

(1) TZq is non-empty and connected; 

(2) 7^±n(5-i) has 3.2^^ non-empty connected components. 
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